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8 1 IMousiTTs mpo nudepeHnianbHi piBHAHHSA Ta (ndepeHmiaibHi MoeJti

1.1. MndepeHniaabHi pIBHAHHS Ta MaTeMaTHYHe MoAeOBaHHsA. JlocmimKy-
104H pi3HOMaHITHI (Qi3UYHI SBUIIA, TEXHOIOTIUHI TIPOIIECH Y 0araTboX Trajy3sX HAyKU Ta
TEXHIKH, a TaKOX JesKkli MPOIECH, 10 BHHHUKAIOTH B €KOHOMILI, eKoJorii Ta IHIIMX
collaTbHUX HAayKax, HE 3aBKIU BIAETHCS OS3MOCEPEIHBO MPOCTEKUTH 3aJICHKHICTD MIXK
BEJIMYMHAMH, 0 OMUCYIOTh TMEBHHUM mporec 4y sBuiie. OaHaK y 0araTh0oX BHITaKax
MOJKHA BUSBHUTH (DYHKIIOHAIBHY 3aJCKHICTh MK BH3HAYaIbHHUMH XapaKTCPUCTHKAMHU
nporiecy (PpyHKIISIMHU), IIBUAKOCTAMHU iX 3MIHH Ta 4acOM, TOOTO 3HAWTH PIBHIHHS, SKI
MICTATh trykanl GyHkiii Ta ix moximui. Takl pIBHSHHS HA3UBAIOTh AU(EpPEHITIATEHUMH,
a 3HaXOo/KCHHS HeBlmomol (yHKIIT (p03B’3Ky) — IHTETpyBaHHIM AU(EPEHIIIaTIbHOTO
pIBHSIHHSI.

JudepeHiiaibHe pIBHSAHHA, OJIEpKaHE Yy TPoOLeci JOCTIJDKEHHS JIeSIKOTO
peaNbHOTO SBHUIIA a00 MPOIIECY, HA3MBAIOTh TU(PEPEHINIATILHOIO MOJICIUTIO IIBOTO SIBUIIA
a6o mporuecy. dudepeHiianbHi MOeIl Ha3UBAIOTh 1€ TUHAMIYHUMU MaTEMaTUYHUMU
MOJICTISIMH ONMUCYBaHWX HHUMHU peajbHUX 00 €KTiB. Y TaKUX MOJIENAX, KpPIM ITyKaHWX
3aJIe)KHUX BEJIMYUH, MICTATHCS TaKOX TOXIIHI IIyKaHWX 3aJIe)KHOCTEH (IIBUIKOCTI,
IIPUCKOPEHHS Ta 1H.).

Judepenitianpai Momeal I0MOMaraloTh 3pO3yMITH AOCIIKYBaHI sSBHIIA |
IPOIICCH, TaI0Th MOKJIMBICTh BCTAHOBHUTH SIKICHI Ta KIJIbKICHI XapaKTEPUCTUKH 1X CTaHIB,
i3 1X BHUKOPHCTaHHSIM MOJKHA OINHKCAaTH MEXaHI3M pO3BUTKY TMpPOIECY, a TaKOX
nepen0adYuTd MOro TOJAIBIINN PO3BUTOK 0€3 HAaTypaJbHHX CKCIICPUMEHTIB, MPOBE-
JCHHSI SIKUX 9aCTO € HAATO JOPOTMM 200 MPOCTO HEMOKIIMBHM.

Hudepeniiaibai MozAeNl € BaXKIWBOIO CKIAJOBOI MaTEeMAaTHYHOTO MOJIEIIO-
BaHHSI, K BKITIIOYAE B ceOe HEe TUTBKHU TOOYIO0BY 1 JOCIIPKEHHSI MATEMAaTUIHAX MOJICTIeH,
ayie i CTBOPEHHSI 00YHCITIOBAIBHUX AITOPUTMIB 1 TIpOTrpaM, 0 Peasli3yroTh Il MOJIEi Ha
EOM.

Y nporieci moOyoBH audepeHIlialbHUX MOJICICH BaXKIMBE 3HAUCHHS Ma€ 3HAHHS
3aKOHIB Ti€i 00JIACTI HAyKH, 3 SIKOIO TMOB’s3aHa NpHUpPOJA 3ajayi, 110 BHUBYAETHCS.

Hanpuknan, y mexanimi ue moxe Oytu apyruid 3akoH Herotona (F = ma, ne m — maca
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TiJa, & — IPUCKOPEHHS pyXy, F — cyma cui, 110 Ait0Th Ha T110); y €AEKTPOTEXHIII — 3aKOH
Kipxroda (anreOpaiuna cyma cuia CTpyMiB, $KI MPOTIKAIOTh Yy TMEBHIA TOYI
€JIEKTPUYHOTO KOJia, JOPIBHIOE HYNIO); Y XIMIi — 3aKOH PO3YMHEHHSI PEUYOBUHHU (IIBU-
KICTh PO3UMHEHHS NPONOpLIiHA HasBHIA KIIBKOCTI HEPO3YMHEHOT PEUOBUHU Ta PI3HULII
KOHLEHTpAI[lll HACUYEHOI'0 PO3YUHY 1 PO3UMHY Yy IEBHUH MOMEHT 4acy) TOLIO.

[lutaHHs NpPO BIANOBIAHICTH MaTEMaTUYHOI MOJENI ¥ peaJbHOro SBUINA
BHUBYAETHCA HA OCHOBI aHaNI3y PE3yNbTATIB AOCIIAY Ta iX MOPIBHSAHHS 3 MOBEIIHKOIO
PO3B’S3KY OJIepP>KaHOT0 JU(EepeHIIaIbHOTrO PIBHSHHS.

PosrnstHemo mpuknanHy 3anady, ska IpU3BOJAUTH 0 3BUYAHHUX AH(EpeHIialib-
HUX PIBHSAHbD.

3anaua 1.1. 3Buaimu 3axkon 3pocmarHs THOOPMAYIUHUX NOMOKIE V HaAyyi
(3pocmanHs KitbKOCMi HAYKO8UX NyONiKayitl), AKWO 8i00MO, WO WEUOKICHb 3POCAHHS
NPAMO NPONOPYIHA OOCACHYMOMY PI8HIO KilbKocmi nyonikayiu. Busnawumu, 3a saxuii yac
KinbKicmb nyonikayii no08oimsbcsa NOPIGHAHO 3 NOUAMKOBOI KLIbKICMIO, AIKUWO 8IOHOCHA
weuokicms 3pocmanns cknaoae (%.

Po3e’azannsa. Hexaii y(t) — xinpkicTh myOmikamiii y MOMEHT dYacy t, yo—
0YaTKOBa KiIbKicTh mybOikaiiii, Tooto y(0) = y,. IlIBuakicTs 3pocTanHs iHdopma-
IIHHUX MOTOKIB K IIBUJKICTh 3MiHM (YHKIIIT € moxigHowo miel ¢pyHkiii. OTke, 3aKOH
3pocTaHHs 1HGOPMAIIHHUX IMOTOKIB MOXHA 3alUcaTH y BUIIIAAL JTU(EPEHIIaTbHOTO
PIBHSIHHS

y'(t) = ky(D), (1.1)
ne kK > 0 — xoedimieHT MPONOPIIIHHOCTI, IO XapaKTepU3ye BIATYKH Ha IyOJikamii y
neBHii ranysi 3Hanb. J{udepenmiansae piBasuas (1.1) paszom 3 ymosoro y(0) =y, €
MaTEeMaTUIHOI0 MOJIEJUTIO 3pOCTaHHS 1HPOPMAIIMHIX MOTOKIB. PO3B’sbkemMo 11e piBHSH-

d
Hsl, BpaxoByrouw, 1o y' (t) = d_Jt’ :

dy dy
——ky=0=>——-kdt=0

>d(ny—kt)=0=>Iny—kt=C, >y =ectkt



ne C1— nosineHa cTanma. ko nepenosHaunta et yepes C, o y(t) = Ce. Ockinbku

y(0) = y,, T0 C =y, TOOTO NIyKaHUI 3aKOH 3POCTAHHs IH(POPMAIIHHUX MOTOKIB Y
HayIll BU3HAYa€ThCsI OPMYJIIOI0

y' () = yoe'*. (1.2)

3HaliieMo Temep 4ac T, 3a SKHM MOTIK HAayKoBOi IH(opmaiii y mopiBHSHHI 3

MOYATKOBOKO KUIBKICTIO 30UIBIIUTHLCS BIBIUl. 32 YMOBOKO 3aJ1adi BiTHOCHA IIBHJIKICTh

y' /vy 3pocranns indopmaimiiHux MoTokiB ckiaamae 7%, a tomy k = 0,07. Ockinbku

y(T) = 2y,, TO

y(T) = yoe*T =2y, => T = (1)71727 ~ 10 poxiB.

1.2. Ckaananns qudepeHuiaibHUX PiBHAAHb BUKJIOYEHHSIM J0BIILHUX CTA-

Jaunx. Hexait Mmaemo piBHSHHS CiM’1 KpUBUX, 3aJI€KHOT BiI OJJHOTO AiiicHoTO apamerpa C

d(x,y,C)=0. (1.3)
[To6ynyemo nudepenitianbie piBHIHHS c¢iM’1 KpuBHX (1.3), TOOTO piBHSHHS, SKE
OMHCY€E BIACTHUBOCTI, IPUTaAaMaHHI BCIM KpHBUM I1i€i ¢iM’i. I mporo mpoaudepeHili-

I0EMO 3a 3MIHHOIO X 00M/B1 yacTuHU piBHOCTI (1.3), BpaxoByrouu, 1o Y = Y(X) :

00 b dy

(1.4)
—_t— = =
dx dy Ox

0.

Axmo cmiBBinHomeHHs (1.4) He MicTuTh C, TO BOHO Oy/ie BUpa)kaTH Ty 3arajibHy
BJIACTHBICTb, SIKa MIpUTaMaHHa yciM KpuBuM ciM’i (1.3) (Hanpukinan, skmo y = x + C, 1o
y' =1). V zaransHomy Bumajaky piBHicTh (1.4) 3amexarume Bim mapamerpa C. Toi,
BHUKJTIOUAIOYH 1€l MmapaMmeTp 13 CUCTeMH, CKiajneHoi 3 piBHAHB (1.3), (1.4), omepkumo
nudepeHItiabHe PIBHIHHS NEPIIOTO MOPSIKY

F(x,y,y’) = 0. (1.5)

PiBussaas (1.5) HasmBarTh audepeHIiabHUM PIBHIHHAM ciM’i kpuBux (1.3).

Bono Bupaxkae cnipHy BiacTuBicTh KpuBux (1.3), HezanexHo Binx crajnoi C.

[pukaan 1.1. 3uaiimu oupepenyianvhe pisnanns cim’i napabon, sKi npoxoosamo

yepes nouamox KOOpOUHam i Maoms oci cumempii, napaneyibHi 00 0ci OpoOuHam.
Po3é’azanna. Cim’1o mapaboi 3 YMOBH 3a7adl MOXHa OIKUCATH 3a JOTIOMOTOO

dopmynu y = x?— Cx, ne C — nosinpHa cTtana. CKIageMo cUCTEMY
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{y=x2—Cx,
y'=2x—-C

1 Bukimounmo 3 Hei crany C. Jlnsg uporo 3Haiinemo C 3 mepiioro piBHSHHS CUCTEMH 1

MIJICTABUMO Y JIpyTe:

c x?—y - x?—y . x*+y
= T oy =2x——" oy =
X Y X Y X
Bionosios. xy' = x> + y.
Amnaroriuno, maroun cim’io kpuBux D(X, y, Ci, Cy, ..., Cy) = 0, 3amexny Big n

JOBIIBHHUX CTAJIMX, MOXHA 33 TICBHUX YMOB OJiepKaTH AudepeHiiaabHe pIBHIHHSI, s
SIKOTO 3rajiani KpuBl OyayTh IHTErpabHUMHE. [J1s 11bOT0 MOTPIOHO TIpoau(epeHIlitoBaTH
cruisBigHomenus d(X, Y, Cq, Cy, ..., Cp) =0 n pasis 3a 3MIHHOIO X | BUKITFOYHTH 3 HHOT'O Ta
OTpPUMaHUX BHACIIIOK qudepeHiitoBanus N pisHsab ctail Cq, Co, ..., Cn. YV pesynbrarti
ofepxuMo audepeHiianbHe PIBHSIHHA CiM’T KPHUBHX, SIKE€ BHUpPaXaTUME 3arajbHy
BJIACTHBICTH [UX KPUBUX.

Ilpukaan 1.2. 3nakitu qudepenItiaabae piBHIHHA CiM’ 1 KPUBHUX

(x - Cl)z + Czyz = 1

Po3é’azanna. JIBiui npoaudepeHIitoeMo 3a 3MIHHOK X 3aJaHe pIBHSHHS,

OoTpUMaEMO
2(x — C) +2Cyy" =0, 1+ C,(y'* +yy") = 0.

Buxkmtouaroun 3 Tppox piBHOcTer ctani Ci, Cp, micis HECKIaaHUX MEPETBOPEHBb OCP-
. : 2
KyeMO udepeHIianbHe PiBHAHHES IPYroro nopsaky y>y'' + (y,z +yy") =0.

2
Bionosios. y3y" + (y'* +yy") = 0.



8 2 ludepenniajbHi piBHSIHHSI TIEPIIOTO MOPSAKY,

PO3B’si3aHi BiIHOCHO MOXiHOI

2.1. OcHOBHI MOHSTTA Ta 03HAYEHHS. 36UUAUHUM OudepeHUianbHUM PIGHAH-

HAM N-TO MOPSAKY HA3UBAIOTh CITIBBIIHOLICHHS BUTJISIAY

F(x,y,y, ...y(")) =0 (2.2)
MK HE3aJIeKHOIO 3MIHHOIO X, ImyKaHo ¢(yHkiiero y = y(x) miei 3MiHHOT Ta moxi-
HaMH Y, ..., y .

[To3HaueHHs, BUKOPUCTaHI Y HABEJCHOMY O3HAYCHHI, HE € CYTTEBUMU: HE3aJIeKHA
3MIHHA MOJKE€ Mo3HavaTucs depes t, mykana GyHkiiis — yepes S, f, F Toro.

Sxuo nudepenuianbHe piBHAHHS (2.1) MOXKHa pO3B'A3aTH BIJHOCHO CTapIIOi
noxigaoi y™, 1o #oro 3anucyoTs y BUrIISLI:

y® = f(xy,y', .y Y)
1 HA3UBAIOTh 36UUAIIHUM OUpepenyianbHUM PIGHAHHAM N-TO MOPSIAKY Y HOPMAJIbHIi
(hopmi, a6o sBHUM nudepeHIiaTbHUM PIBHIHHAM (PIBHSIHHSAM, PO3B'S3aHUM BiJHOCHO
CTapIIoi MOXigHOT).
PiBusinas (2.1) HazuBaeThCA JtiHilIHUM, KO QYHKIISA F € JIHIHHOI BITHOCHO
v,y .. y(”), Kea3iniHiiHuM SIKIIO CTapIla MOXiaHa y(n) BXOJUTH JIIHIAHO, 1 HeJIHIHHUM
K110 GyHKIIS F € HeNHIMHOIO BITHOCHO y(n) .

IHopaokom 36uuaiinozo oughepenuianbHo2o pieHAHHA HA3UBAIOTH MOPSAOK HaMi-
BUIIOT MOX1AHOT HEBIAOMOI (DYHKIIIT, sIKa BXOAUTD Yy PIBHSHHA. Y PIBHSHHI N-TO TOPSAIKY
(2.1) BBaxkaeThcs, MO MOXiAHA N-TO MOPSAAKY IMIYKaHOT QYHKIIII CrIpaBii BXOAUTH Y 1€
PIBHSIHHS, TO/1 SIK HAABHICTH PEIIITH apTyMEHTIB HE0OOB  SI3KOBA.

Haseoemo npuxnadu 3euuatinux ougheperyianbHux pieHaHb:

y=xy' +y°, ¥y +1y'I =0, y"+y=cosx,
y® — 49" £ 59" —2y" +y =xe¥, y10 =y,
[lepmri nBa 3 HaBEeNEHUX DPIBHSHb MAIOTh MEPIINI TOPSIOK, TPETE PIBHAHHS —

IPYTUM NOPSIIOK, YETBEPTE PIBHIHHS — YETBEPTUU MOPSIIOK, I1°ATE€ — AECATUIN MOPSIIOK.
yr ) ’



ko nudepeHitianbHe piBHSIHHS MICTUTh YACTUHHI TOX1JIHI HEBIIOMOI (PYHKITI1
BiI KUIbKOX HE3aJeKHHMX 3MIHHHX, TO HOTO HA3UBAIOTh PIGHAHHAM 3 UACHIUHHUMU
noOXiOHuUMuU.

Haseoemo npuxnaou maxux pigHsaHb:

ou N ou 0%u N 0%u N 0°u
ot "y ' 9xZ 9y @ az2

Po36’azkom ougpepenuianvrnozo pienanns Ha nesikomy intepsaii (a,b), —o <a <

= f(x,y,2).

b <+oo, Ha3uBawTH QyHKIIIO Y = y(X), AKa Ma€ Ha [[bOMY IHTEPBaJIi MOXIHI 10 TOPSIKY
n BKIIOYHO Ta 3a/I0BOJbHsAE piBHsIHHA. lle o3Havae, mo s Bcix x € (a,b)
CIIPAB/KYETHCS TOTOXKHICTh

F(x,v,y', .., y™) = 0.

Hanpuknan, ¢yHkuis y = cos2x € po3B’s3koM AudepeHIlaIbHOTO PIBHSHHS
apyroro nopsiaky y'' + 4y = 0 Ha iHTepBai (—oo, +0). Po3B’s13kaMu [IbOTO PIBHSIHHS, SIK
JIETKO TIePEBIPUTH, € TaKOXK Yy = sin2x, y = 3 cos2x, y = cos 2x — sin 2x, 1 B3araii
BCi GyHKIIT Burmsaay Y = Cqc0S 2x + C,sin 2X, ne C1, Co,— moBinbHi ctami. ITizHime Oyae
BCTAaHOBJICHO, IO 3BHYaiiHe Iu(epeHliaTbHe PIBHAHHS N-TO TMOPAIKY B 3arajibHOMY
BUIIAJIKy Ma€ CiM 10 PO3B’SI3KIB, 3aJICKHY Bl 1 TOBUIBHUX CTAIHX.

[3 reoMeTprUYHOT TOYKH 30py PO3B 3Ky AUGEPEHIIAIBHOTO PIBHSIHHS y MPSMO-
KyTHIM CHUCTEMI KOOpJWHAT BIATIOBITA€E IesiKka KpHBa, SKY HAa3UBAIOTh IHMEZPAbHOI0
kpueoro. CyKyIHICTh IHTETPAIBHUX KPUBHUX, 3aJICKHY BiJ JOBUIBHUX CTajUX, Ha3UBa-
I0Th ciM €10 inmezpanvnux kpusux. Hanpukian, po3s’ a3k piBHAHHSA V'’ = 2 yTBOpIO-
I0Th IBOIIApAMETPHUHY ciM 10 mapabon Y = X2+ C1X + C,, K0KHa 3 AKUX € IHTerpajib-HOIO
KPHUBOIO.

[Ipomec 3HaXOMKEHHS PO3B’SI3KiB AUGEPEHIIIATHPHOTO PIBHSIHHS HA3MBAIOTh
iHmezpysanHam 1HOTO PIBHAHHS. SIKIIO TP IbOMY BCl PO3B’SI3KM BAAETHCS BUPAZUTH
gyepe3 enemMeHTapHi QyHKIil abo y keadpamypax (Ko po3B’SI3KM BUPAKAIOTHCS Yepe3
IHTETpaIM BiJ eJeMEHTapHUX (YHKI[IH), TO KaxyTh, IO PIBHSIHHS 3IHTETPOBAHE Yy
CKiHUYEHOMY BUTIIAII. Po3rismaTumeMo nepeBakHO Taki PIBHSIHHS, X04a 3HAYHO OLTbIIE
nudepeHIiaibHUX PIBHSHb HE THTETPYIOTHCA Y CKIHYEHOMY BUTJISL, 1 JUIsl IOJAHHS iX
PO3B’SI3KiB IOBOJUTHCS] BAKOPUCTOBYBATH OLTBIN CKIQTHAA MAaTEMAaTHYHUN anapar.
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OcCHOBHOI0 3aJ1a4€l0 Teopii IHTerpyBaHHs AU(EepEeHIaTIbHOrO PIBHAHHS € 3HAXO0/I-

’KEHHS BCI1X HOro po3B’s3KIB Ta JOCHIIKEHHS 1X BIACTUBOCTEM.

2.2.3apava Koui. IcnyBanHs Ta €AnHicTH po3B’A3KYy. Po3risHemo 3anauy Kot
JUTSL IBHOT'O PIBHSIHHSI TIEPIIIOTO TOPSJIKY
y'=1(xy) (2.2)
13 MOYaTKOBOIO YMOBOIO
y(Xo) = Yo- (2.3)
Jlna Hel cipaBeyiMBa HacCTyITHA

Teopema 2.1 (npo icnysanns ma eounicmos po3e’a3ky zaoaui Kowi 0ns pieHAHHA

nepuiozo nopaoKy, po3e’a3an020 6i0HOCHo noxionoi). Hexait npaBa yacTuHa pPiBHSHHS
(2.2) f(xy)
@) HenepepBHa 1Mo 000X apryMeHTax y IpSIMOKYTHHKY
D={(x,¥)| [Xx=Xp[<a, [y—Yol|<b},
ne a, b — noxatwi crani; toai f(X,Y) e rakox oomekeHoro B D, ToOTO icHYye Taka J0/1aTHA
crana M, mo maV(X,y)eD | f (X, y) KM ;
0) cripaBKye yMOBY Jlinmuiisg 3a 3MiHHOO y B 00s1acti D, ToOTO icHye Taka crasna

L >0 (cmana JTinmuys), mo mis gosineaux (X, Yq),(X,y,) €D
| f(6y) = TG y2) ISLIy = Yol (2.4)
Toxi icHye emuumMii po3B’si30Kk Y =@(X) audepeHmiaapbHOro piBHAHHA (2.2),
BU3HAYCHUIA 1 HemepepBHUU Ha iHTepBaii | X — Xy [<h, ne h=min{a,b/ M}, skuit npu
X = Xo HaOyBae 3HauY€HHI Y.

/osedennsn. 3Benemo piBHSIHHS (2.2) 10 €KBIBAJICHTHOTO 1HTETPAIIBHOTO BUTTISITY.

[HTEerpyroUHn 3a 3MIHHOIO X y Mexax [Xy,X], omepkumo:

y=Yo+ | f(ty)dt. (2.5)

Xo

10



bynemo po3p’a3yBaTH iHTErpajbHe piBHSAHHA (2.5) METOIOM MOCHIAOBHUX

HaOmmkeHb [likapa. Bi3pMeMO 3a HynboBe HAaONMKEHHS Y, a HAacTymHl 1Tepanii
(mocniIoBH1 HAOIMKEHHS) IITYKaTUMEMO 3a (hOpMYJI010
X —
yi = yO + J‘ f(t1 yi—]_)dt1 | :1100- (26)
Xo
3ayBaxxuMo, 110 TpH |X — Xg [<h Oyme |X—Xg|[<a, ockimeku h<a. Ominumo

MOCI10BHI HAO M KeHHs (2.6):

X
Y1 — Yo I= If(t,yo)dt <M |X—-Xy[£Mh<b, ockineku h<b/M,
X0
X
V2= Yol=| [ £t y)dt <M [x=xol<b
Xo
Tomo. 3Bijck BumuBae, mo |Y; — Yo |<b mms Beix i=100, TOGTO MOCITIZOBHI

HaOmkeHHs (2.5) He BUXomsITh 32 Mexi obacti D.

[TokaxeMo, 10 iCHYe TpaHMI MOCIiNOBHOCTI itepauiit (2.6) Y =Ilim y;. Jdna
I—>00

ObOI'0 PO3IIITHEMO PO

Yo+ (Y1 —Yo) + (Y2 = Y) +-c+ (Vi = Vig) +-y (2.7)

i-Ba cyMma SIKOTO S; piBHa Y;, 1 MOKaXeMO, IO BiH 30ira€Tbes J0 JESKOI HEepepBHOI
¢yukmii Y (X). Ouinka wieHiB psaay (2.7) nae:

Vi = Yo EM [ X=X [;

X (2'4) X
Y, = Ya <] [ty = £t yo) L t) < LTy, —yo | dff <

SLMJH—x”dt:%yﬂx—%f

Xo

tomo. OTke, Uit BCiX |1 =1,00 crpaBIKyETHCS OIIHKA:

i—1

lYi —VYia s N | X =Xq .
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Toni mpu | X — Xg |[< h psix (2.7) MakOpy€eThCS YUCIOBUM PSIOM

2 i—1p.i
yO+Mh+M%+...+M L _'h
il

+... (2.8)

[To3naunmo uepe3 U; i-if wieH psaay (2.8). 3rinHo 3 o3nakorw [’ Anambepa

. '| iRLi+l
jim Y2 _ i MMED Ty LN g g
i U oo (i+1)IML'h' iswi+l

To0TO psix (2.8) 30iraeTscsi, a TOMy Ha TincTaBi KpuTepiro Beepmtpacca psag (2.7)

30ira€ThCsi PIBHOMIPHO IS BCIX X i3 iHTepBaiy | X — Xg [£ h. OcKinbKu KOKEH WiieH psay

(2.7) € HenepepBHOIO (QYHKIIEIO 3MIHHOI X, TO TpaHUNs MocaizoBHOCTI Y (X) = lim y;

1—>00
ICHYE 1 € HETIEpEepBHOIO (DYHKITIEIO.
[lepexoasuu B (2.6) 10 rpaHulli IpH | —> 00, MAEMO:
X
Y(X) =Y+ | F(t.Y(®)dt,
Xo
T00TO rpanuuHa GyHKIs Y (X) € po3B’SI3KOM IHTErpanbHOro piBHsHHSA (2.5), eKBiBa-

aentHoro 3amaudi Komi (2.2), (2.3). Omke, Y(X) € po3B’s3koM AudepeHIiaabHOro
piBHsHHS (2.2), sSIKUl cripaBIXye moyaTkoBy yMoBYy (2.3). [Tokaxkemo, 110 3HaiaeHU
PO3B’SI30K € €TUHUM.

[Mpunyctumo, mo kpim Y (X) icHye inmmii po3s’si3ok Z(X) 3amaui Komri mst
piBHsiHHS (2.2) i3 mouaTkoBor0 ymMoBow (2.3). Hexait Y (X) # Z(X) nmobmu3y Touku X,
npasimie Bia Hel. Bisbmemo nesike € > 0; toai 3rigHo 3 npunymieHuam Y (X) = Z(X) s
TOUOK X €[Xg,Xg + €], a Tomy momatha dynkiis |Y (X) —Z(X)| mocsrae B meskiit Touri
&# Xy (ockinmbku Y (Xg) =Z(Xy) = Yo) UpOro iHTEpBady CBOr0 HAHOLIBIIOTO 3HAYCHHS

0>0. 3rixno 3 (2.5)

Y(X)=Yo + T f(Y@)dt, Z(x)=yy + T f(t,Z(t))dt,

Xo X0

3BiIKH 3 ypaxyBaHHAM ymMoBH Jlimmuis (2.4)
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2
Y(€)-Z(E)=0< [ FLY(E) - f(tZE)|dt<

Xo
(: X0+8
<SLIY(t)-Z(t)|dt<L [6dt=L6e.
X0 Xo

Ockinbku O # 0, TO ocTaHHs HEepiBHICTB nae Le>1, mo cynepeunts AOBUIBHOCTI
¢ (amxe MoxxHa BuOpatH, Hampukian, €=1/L). Omxke, 3agaua Komi (2.2), (2.3) 3a
BUKOHAHHS YMOB TEOPEMH Ma€ €IWHHWN pPO3B’SI30K, BH3HAYCHHWH 1 HENECPEPBHHH Ha
iHTepBani | X — Xg [<h. |

Hampukinmi 3ayBakumo, 10 JOBEACHA TeOpeMa B PI3HUX JKEpesiaX HEPIIKO
3raJlyeThCs IMiJ PI3HUMH BJIACHUMH Ha3BaMHM — 30KpeMma «Teopema Koy, «Teopema
[Teano», «teopema Kormi-Ileano», «reopema Komri-Jlimmunsy, «reopema Ilikapay,
«reopeMa Ilikapa-Jlinmenvoda» Tomo — Ha 4YecTh BHAATHUX MaTeMaTukiB XIX-XX
cropiu: ¢paniy3iB Ortocrena-JIyi Komi (1789-1857) ta Illapns Emins Ilikapa (1856-
1941), nimis Pygonsda Orro Curismynna Jlimmuns (1832-1903), itamiing xy3emnmne
ITeano (1858-1932), a takoxx EpHcra Jleonapaa Jlinnensoda (1870-1946) 3 OirmstHaii.

Ipukaan 2.1. [ToOyayBaTH MOCIiIOBHI HAOIMXKEHHS 10 PO3B’ 3Ky 3aaa4i Korri:
y'=x-y* y(0)=0. (2.9)

Pose’szanna. Topisaooun (2.9) i3 (2.2),(2.3), maemo: f(X,y)=x—-Yy?,

Xg = Yo =0. Bizbmemo 3a HynpoBe HaOmmxkeHHs Y, =0, a HacTynHi ireparnii (mocii-

JOBHI HAOJFOKEHHS) mIykatumeMo 3a ¢opmynoro (2.6), ska s 3amadi (2.9) 3amnu-

IETHCS Y BUTTISII
X —_—
yi =[(t-yi)dt, =L (2.10)
0

[Tpu i1 =1 dpopmymna (2.10) nae

X2

X X
2
y,=[(t- yo)dt:jtdt=7.
0 0

[TocnigoBHo nifcTaBistouu B (2.10) HACTynHI 3HAYEHHS I, OTPUMAEMO BIIMOBIIH1

HAOJIMKECHHS ;
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t4 2 5

X ) X X X
=[t-y?)dt=[|t—— [dt="o-2,
Yo {( Y1) !). 4 > 20
X X t4 t? th X2 X5 X8 Xll
=[t-y2)dt=(|t—-—+———— |dt="- -4 = —
3 i( V) £ 420 400 2 20 160 4400

TOMIO.

2.3. Knacudikauia po3p’siskiB. Ha npukmnanax, ski po3riisianucs paHilie, MU

NepEKOHAUCS, 110 PIBHAHHS (2.2) MOXKe MaTu Oe3J114 pO3B’A3KIB.

CiM’10 po3B’s3KIB audepeHIlaIbHOro piBHAHHA (2.2), 3a1€XHY Bia OIHIET J10-
p p p ) y

BUILHOT cTasoi C:
y=¢(x,C) (2.11)

HA3UBAIOTh 3A2abHUM pPO36°a3KoM 1HOro piBHsAHHA. Dopmyna (2.11) mo3Bosie
po3B’si3atu 3agady Komri miist piBastHHES (2.2). s 1iboro nmotpioHo BuzHauuTu C = Cy 3
piBHOCTI V) = (X, ,C) 1 miacTaButu 3Haiinene 3HaueHus y (2.11). Toxi y = ¢ (x, Cp)
Oyne po3B’sizkoMm 3amadi Komri. OpgHak mpu 1IbOMYy HE TapaHTYEThCS Hi PO3B’S3HICTH

piBHSHHSA Yy = @ (X, , C) BigHOCHO C, HI € AMHICTH 3HANWIGHOTO PO3B’A3KY 3aaui Komri.

VY 3B’513Ky 3 IIUM 3pYYHHUM € TaKe O3HAUYCHHS 3arajbHOTO PO3B’ 3Ky PIBHSAHHA (2.2).
Hexait G — gesika obnacTte miomuan OXY , 4epe3 KOKHY TOUYKY SIKOT MPOXOAUTh €IUHA
IHTerpaJibHa KpuBa PiBHAHHSA (2.2) (HampuKiIag, MOKEMO BBaKATH, IO B OKOJII KOXKHOT
Touku obnacti G cnpaBmKyoThest ymMoBU Teopemu Ilikapa). Toai ¢pynkiio (2.11), sxa
BU3HAYCHA B JesKii o0macTi 3MiHHUX X 1 C Ta Mae B 11iil 00J1aCTi HEIEPEPBHY YaCTUHHY
MOXIJTHY 32 3MIHHOIO X, Ha3UBAIOTh 3a2a1bHUM P036°a3Kkom piBHSHHSA (2.2) B obnacti G,

SKIIO:
1) cniBBimHOMmEeHHs (2.11) MoxHa po3B’si3atn B G BiTHOCHO JOBUIBHOT cTanoi C:

C=y(xy); (2.12)

2) dynkmis (2.11) € po3B’s3koM piBHSHHS (2.2) aiis BCix 3HadeHb ctayoi C 3

dbopmynu (2.12), konu Touka (X, Y) mpobirae oomacts G.
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3HarouM 3arajJibHUi po3B’si30K B oOnacti G, 3 HBOrO JIETKO OTPUMATU PO3B’A30K
3amaui Komri 3 MOBUTPHUMH TMOYaTKOBUMH JaHUMHU (Xg,Yo) € G 3a paxyHOK BHOOpY
BIIMOBIIHOTO 3HAY€HHs NOBUIHHOI cTanoi C. J{s 1iporo notpioHO 3aMIHUTH Y (GOpMYyITi
(2.12) 3MIHHI X 1 Y YUCIaMU Xq, Yo BIANOBIAHO, PO3B’SI3aTU OJEP>KAHE PIBHSAHHSA Yo =
¢ (xg, C) BinnocHo C i mincraButu 3Haiinene 3HaueHHss C = Cj y popMyIy 3araJbHOTO
po3B’s3ky (2.11). Orpumana ¢yskuis y = @(x, Cy) Oyae urykanum po3B’si3KkoM, 60 BOHa

€ po3B’si3koM piBHsAHHSA (2.2) 1 ¢ (xg, Co) = Vo-
Sxuro y popmyni (2.11) 3amictb 10BUTBHOT cTanoi C B34TH MOYAaTKOBE 3HAUYEHHS
Yo LIyKaHoi QyHKIIT npu JeskoMy (iKCOBAaHOMY 3HAUEHHI X HE3aJeKHOI 3MIHHOI:
y= (P(X’ X0s yO)i

TO TaKWUM 3aIUC 3arajbHOrO PO3B’SI3KY HA3UBAIOTH 3A2AIbHUM PO368°A3KOM Y (hopmi

Kouwi.

3aranbHUM PO3B’SI30K PIBHIHHSA (2.2) 3aNIMCaHUi Y HEIBHOMY BUTJIS1 (BUTIISIII, HE

PO3B’SI3HOMY BiJHOCHO IIyKaHOT QyHKIIIT y):
d(x,y,C)=0 (2.13)

HA3UBAIOTh 3a2anbHUM iHmezpanom 1poro piBHAHHA. [Ipu 1IbOMYy BBaXKarTh, IO PiB-

HicTh (2.13) Bu3Hauae 3araapHui po3B’sa130k Y = ¢(X,C) piBastaus (2.2) B oomacrti G.

YacTo 3arambHHMI IHTErpaj OJCPXKYIOTh Y BHIJIANI, PO3B’S3aHOMY BITHOCHO
noBimeHOI1 cranoi C, to0T0 W(X, Y) =C. JliBy 4YacTuUHy Ili€l pPiBHOCTI HA3WBAIOThH

inmezpanom piBHSHHA (2.2).

AHANOTIYHO BHU3HAYAIOTh CIM’I0 IHTETPATbHUX KPUBHUX (PO3B’SI3KIB) PIBHIHHS

(2.11), 3anexHy Bix qoBiTBbHOT cTanoi C, y mapaMeTpu4Hii Gpopmi:

{x = ¢(t, C),
y =19(t,C)

SIK 3A2aIbHUIL PO38°A30K Y napamempuyHii hopmi.
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Po3B’s130k Y = Y(X) piBHSIHHS (2.2) HA3UBAIOTh YACMUHHUM, SIKIO Y KOXKHIA HOTO
Toulll 30epiraeTbcs €AMHICTh PO3B’sA3Ky 3aaadl Komri. Po3B’430K, SKUH MICTHTBCS Y
(dopmyi (2.11) 3aranbHOr0 po3B’si3Ky, TOOTO OJEPKYETHCS 3 HHOTO NMPU KOHKPETHOMY

3Ha4Ye€HH1 JOBUTLHOI cTanol C (BKIIOYAOUH +00), €, OUEBUJIHO, YACTUHHUM PO3B’I3KOM.

P03B’s130K, y KOXKHII TOYIII SIKOTO MOPYLIYETHCS €UHICTh PO3B’ 3Ky 3aaa4i Ko,
HA3UBAIOTh 0CcoOUueUM. VIOTO HE MOXKHA OTPHMATH 3 (POPMYIHM 3arajibHOrO PO3B’A3KY
(3arajapHOTO 1HTErpaja) Mpu >KOJHOMY KOHKPETHOMY 3HaudeHH1 ctanoi C (BKIOUYAOYH
+00). I3 reoMeTpuYHOi TOYKM 30py OCOOJMBOMY PO3B’S3KY BIANOBIAAE IHTErpaibHa
KpUBa, SIKa HE MICTUTBCSA B CIM’1 IHTErpajbHUX KPUBHX, 110 CKJIAJAalOTh 3arajlbHHUM

PO3B’S30K (3arajibHUM 1HTErpai) AUPEPEHIIATIBHOTO PIBHAHHSL.

3 Teopemu Ilikapa Ta 3ayBakeHHsI 70 HEl BHUIUIMBAE, 110 OCOOJIMBI PO3B’SI3KU
piBHAHHA (2.2) MOTPIOHO IIYKAaTH CEpe]l THX KPMBHX, Y3IOBXK AKMX ToXigHa fi,'(X, Y)
HeoOMeskeHa. Taki KpUBI HA3UBAIOTh MIAO3PUTUMH Ha 0coONMBHI po3B’s30k. Ll kpuBa
Oyze 0COOJMBHUM PO3B’SI3KOM, SIKIIIO BOHA € IHTErPAIIbHOK KPUBOIO 1 B KOXKHIM 11 TOYITI

MOPYIIYETHCS YMOBA €IMHOCTI po3B’sI3Ky 3anaui Korri.

2.4. Po3p’sizyBaHHs Au(epeHIiaJIbHUX PIiBHSIHb METOAOM i30KJIiH. SKmIo
piBHSHHSA (2.2) HE IHTETPYEThCS Y KBajpaTypax abo Horo po3B’s30K Ma€ JTyxKe CKIagHy
OyZIOBY 1, OT)KE, HUM Ba)KKO KOPHUCTYBATUCh, HANIPHUKJIAI, JUIS aHAII3y MOBEIIHKH 1HTET -
paNbHUX KPUBHX, TO MOXKHA CKOPHCTATHCS T€OMETPUYHOIO IHTEPIPETAIIEI0 CaMOTO
PIBHSHHSI.

Hudepentianbpae piBHAHHA (2.2) BCTAHOBIIOE 3B’SI30K MK KOOpJAWHATAMHU J10-

. . .. dy . . . .
BUTbHOT Toukn M(X, Y) Ta KyToBUM KoedimieHTOM 2 BOTUYHOL 10 IHTErPanbHOI KPHBOL Y
X

i Touri (puc. 2.1):

tga="2= fxy)
ga_dx_fx'y'

SIxmo dyukuis f (x, y) Bu3HaueHa y aeskiii ooacti G, To koxkHii Tourti M(X,y) e G

BIJINIOBi/Ia€ JISAKHIA HApsIM, KyToBUH KoedirieHT sskoro nqopiBHioe f(X, y). Bkaszyroun nieit
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HaIpsiM BEKTOPOM (/11 BU3HAYEHOCTI BBaXaTUMEMO HOro OJAMHMYHUM) 3 MOYATKOM Y
toulli M, orpumaeMo B ooiiacti G nose nanpsamie, Bu3HaueHe piBHAHHAM (2.2) (puc. 2.2).

Sk yxe 3a3Hayvanocs, po3B’sI3KOM PIBHSAHHSA (2.2) € KpUBa, Ky Ha3UBAIOTh IHmM e2-
panvroto Kpusoto. OTxe, THTErpalbHa KPUBA, 110 MPOXOAUTH Yepe3 Touky M(X, ¥)eG,
BIJIPI3HAETHCS B/ YCIX IHIIUX KPUBUX, K1 MPOXOAATH Yepe3 L0 TOUKY, TUM, [0 HAIIPSIM
JOTUYHOI Yy 1aHii TOUIIl JJO IHTETpaJIbHOI KPUBOi 301ra€ThCsl 3 HAPSAMOM IOJIA, SIKE 3a7a€
nane nudepenuiaabHe piBHIHHSA. TOMy reoMeTpUYHO IHTETPYBaHHS AU(e-peHLIaIbHOTO
PIBHSIHHSI TIOJISATA€ y 3HAXOJKEHHI KPUBHMX, IOTHYHI 10 AKUX Y KOXKHIA CBOiM TOWYI

301rat0ThCs 3 HAITPSIMOM TIOJISI.

, A
VA v =v(x) T T
/’ / P
':I, |I /_/" j -FJ f’//:
] / ;N v i
- \\\ / ¢
0 X 0 ~I g
Puc. 2.1 Puc. 2.2

JIns o0y 10BH TIOJIST HANIPSAIMIB 3PYYHO PO3IIISAATH T€OMETPHYHI MICIS TOYOK, Y
SKUX JIOTUYHI JI0 IHTETpaJbHUX KPUBHUX 30€piraroTh cTaauil HanmpsaM. Taki reoMeTpuyHi
MICIIS TOUYOK HA3UBAIOTD I[30KIIHAMU.

PiBHsSIHHS 130KITIHU 1151 piBHSHHS (2.2) Ma€e BUTIIA

feuy) =k, (2.14)

ne k — noBinbHa cTana.

3minro0uH B (2.14) 3HaueHHs K, ogepKMMO MHOXUHY 130KJIiH Ha TutommHi OXY.
3a momomMoror 130KIiH 1 BimoMux cranux KyTiB (k = tg @) Haxuiay HOTUYHHUX 10
IHTETpATbHUX KPUBUX, SIKI 1X MEPETUHAIOTH, MOXKHA BIITBOPUTH SIKICHY KapTUHY TOJIA
IHTETpAIbHUX KPUBUX JOCTIDKYBAHOTO PIBHSHHA. Takuil METON JOCHIIHKCHHS aude-
pEHIIATBPHUX PIBHSIHDb HA3UBAETHCS MEMO000M I30KIIIH.

Ilpukiaang 2.2. 3a [A0NOMOIOK 130KJIIH MMOOYyIyBaTH IHTErpajibHI KpPHUBI
nudepeniianbHoro piBHAHHS ([P)
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ﬂ:x+ y. (2.15)
dx

Po3é’azanna. Sk BiIoMO, PIBHSHHA 130KJIIHU, B KOXHIM TOYIll SIKO1 JOTHYHI J0
iHTerpanbHux KpuBHX sBHOro JIP meprmoro mopsiaky Y = f(X,y) Haxwiaeni mo oci
abciuc M OJHAKOBUM KYTOM 0 (1HAaKIIE KaKy4H, KyT O BU3HAYA€ HAnpAM Noisd B
TOYKaxX BIAMOBIIHOI 130KmiHK) Mae Burisa f(X,y)=tga, tooro as AP (2.15) 6yaemo

MaTnu
X+y=tga = y=—-Xx+tga. (2.16)

Orxe, 130kniHamu g [P (2.15) 6yayTs npsimi, 10 yTBOPIOIOTH KyT 135° 13 nogaTHuM
HanpsiMoM oci abcruc. 3anatoun B (2.16) pi3HI 3HaYEHHS KyTa 0, IICTAHEMO PIBHSHHS
BIIMOBIAHUX 130KJIIH, Y TOYKAX SIKAX HAMpPsIM MOJISI BUZHAYAETHCS 3aJaHUM KyTOM. SIK
NpaBWIO, JAJii OTPUMAaHHS CXeMaTH4HOi (Da30BOI KapTUHU JOCTATHBO 3aJlaTH KiUIbKa

«3pPYYHUX» 3HAUYECHb KyTa, HAIPUKIIAJ:
a) a=0 = y=-x;

0) =45 = y=1-Xx;

) o=—45" = y=-1-X

TOIIO. 3ayBakuMo, 1o rnpasa yactura P (2.15) BusHauena mus Beix (X, Y) € R?, TOMY

i30KJiHM, 1110 Bigmosigana 6 kyry o =90°, He icHye (IHIIUMH CJIOBAMH, B JKOJHIN TOYIIi
($a30BOi MWIOMMWHY JOTUYHI 10 IHTETPAIBHUX KPUBUX HE € MEPICHAUKYISIPHUMU 10 OCI

aocruc).

Hampsim monst B Toukax (a30Boi MIOMIMHU MPUIHATO MO3HAYATH CTPUIKAMH. 3a
3aCTOCYBaHHSI METOJIY 130KJIIH IIl CTPUTIKM CHiI 300pakaTh Tak, MO0 Yy KOXKHIM TOYII
130KJIIHU, PIBHSHHS SIKOT 3a4a€ThCs PIBHICTIO (2.16), HANIpsiM CTPLIIKA YTBOPIOBAB KYT O

13 ToAaTHUM HaIpsSIMOM Oci abcIuc.

TakuMm 4MHOM, y TOUKaX 130KJIIHM Y =—X CTPUIKUA OyAyTh CHIBHANPSMICHUMU 3

BiCCIO abCIC, OCKIIBKY I i30KiIiHa Bigmosimae kyry o =0,

18



Ctpuiku B TOYKax 130KIIHM Y =1-—X OyayTh CHIBHANPSAMIEHUMHU 3 JOJATHUM
HanpsimoMm Oicektpucu I ta Il koopAMHATHUX YBEPTEd, OCKIIIBKH LS 130KJ1HA BIANOBIIAE
KyTy o0 =45".

CTpuiku B TOYKaX 130KIIHM Y =-1—X OyayTh CHIBHANPSAMIECHUMH 3 JOJATHUM
Hanpsimom Oicektpucu Il Ta IV KoopauHaTHUX uBepTEd, OCKUIBKM L 130KJI1HA
BiAmoBigae KyTy o =—45",

Tenep micymMyeMO BHILEHABEJECHE OCIIKEHHS CXEeMaTUYHHM MAaJllOHKOM (a3oBoi

kaptuuau Uit 1P (2.15), 300pasuBiim iHTErpajibHi KpHMBI Ha MiACTaBi MOOYIOBaHUX

130KJIIH 1 OTPUMAHOTO MOJIst HanpsmiB (puc. 2.3):

‘IIT
1
I
1
1
,Il
1
!
1

T L O Loty WYy e ey

~

Tl e e
=

Puc. 2.3. [lone HampsiMiB Ta iIHTErpajibHI KPHUB1

audepeHiaTbHOro piBHIHHS (2.15)

[lpukiaang 2.3, 3a [AONOMOIoOK 130KJIIH TOOYJQyBaTh IHTETpajbHI KpPHBI

nu(depeHIiaIbHOTO PIBHSAHHS
19



ﬂ:sin(x—y). (2.17)
dx

Po3z¢’azanna. Ananoriuno o Ilpuknany 2.2 oTpuMyeMO pIBHSHHS 130KJI1H
sin(x—y)=tga. (2.18)

Omxe, i3okminamu st [IP (2.17) OyayTh CyKyIHOCTI IPSMUX, 1110 YTBOPIOKOTH KyT 45° i3
JOJaTHUM HampsiMoM oci abciuc. 3anarouu B (2.18) pi3Hi 3HAYEHHS KyTa 0, 1ICTAaHEMO

PIBHSIHHS BUITIOBIJTHUX 130KJI1H, HAITPUKJIA]T:

a) a=0" = sin(x-y)=0 = y=x-nk, keZ;

0) =45 = sin(x-y)=1 = y:x—g—an, keZ,;

8) .=—45 = sin(x-y)=-1 = y=x+g—2nk, keZ

TOII0. 3ayBasKUMO, 1110 TpaBa yactuHa JIP (2.17) BusHadena s Beix (X, Y) € R 2 TOMY,
sk 1 B Ipuknani 2.3, i30k1iHM, 110 Bigmosigana 6 kyry o =90°, He icHye.

Temep migcymyemMo BHUIICHABEICHE JOCHIIDKCHHS CXEMAaTHYHHUM MaIOHKOM
dazopoi kaptuau i JIP (2.17), 300pa3uBimm 1HTETpajbHI KpHWBI Ha IiJCTaBi

00y I0BaHUX 130KJIiH 1 OTPUMAHOIO IOJIs HanpsMiB (puc. 2.4):
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Puc. 2.4. Tlone HanpsiMiB Ta IHTETpaIbHI KPHUBI

audepeHiaTbHOro piBHsSHHES (2.17)
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§ 3 PiBHSIHHSI 3 BiIOKpeMJIIOBAHMMU 3MiHHMMH Ta 3BiIHi 10 HUX

3.1. PiBusiHH# 3 BifokpemiawBanuMu 3MiHHuMuU. J{udepeHuianbae piBHIHHS
M;(x)N;(y) dx + M,(x)N,(y) dy = 0, (3.1)
ae Mi(x), Ma(x) ta Ni(y), N2(y) — HenepepBHI QyHKIIIT CBOIX apryMeHTIB, Ha3UBAEThHCS
PIGHAHHAM 3 8100KpEMIO6AHUMU 3MIHHUMUL.
Bimokpemumo 3minHi B piBusHHI (3.1): moaiiuMo oOHMaBI HOro YacTHHH Ha 100Y-
Tok Gyukiiii M2(X)N1i(y), mpuuomy BBaxkaemo, mo M, (x) # 0 ta N; (y) # 0. Matumemo

M4 (x) N, (y) _
ot e =0

[HTEerpytoun OCTaHHIO PIBHICTh, OTPUMYEMO 3arajibHU iHTEerpas piBHAHHA (3.1):

M, (x) N, (y)
sz()d +fN()d =G

ne C — 1oBUIBHA CTaJIA.
Skiio a — kopidb piBHAHHSA M2(X) = 0, To X = a € po3B’si3koM piBHsHHS (3.1).
Amnaroriuno, sxio b — kopius piBasaHS N1(y) = 0, To Y = b — po3B’sa30k piBHsHH: (3.1).

Ipukaan 3.1. 3naiiTu 3araibHUi iHTErpan AudepeHIiaJbHOr0 PIBHIHHS

4 + y2dx — ydy = x?ydy.

Po3é’sazanns. BimokpemMumo B pIBHSHHI 3MiHHI, 1[0 MicTaThes npu dX, dy Tta

repeHecemMo iX Mo pi3Hi CTOPOHH 3HAKY PIBHOCTI
(x%y + y)dy = /4 + y?2dx.
I3 mepmux Ay»KOK BHHOCUMO CITUTBHUH JIJIS JIBOX JI0JIaHKIB MHOHHK Y-
y(x? + 1)dy = /4 + y2dx.

Jlaiti meperpyrnoByeMO MHOKHUKH Tak, 00 Tipu dy oTpuMaTy (yHKIIIFO JIAIIE BiJT
Yy, aipu dX — pyHKITiFO apryMeHTy X. Y pe3ysbTari JicTaneMo qudepeHIiaTbHe PIBHIHHS

3 BIIOKPEMJICHUMH 3MIHHUMHA
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[Ticns iHTerpyBaHHs

f\/[l,yTy fx2+1

dx
x2+1

1 1
o[ @ryy Tz sy = |
OTPUMAEMO

V4 +y? =arctgx + C.

CrnpoOyemo 3amucaTl po3B’sI30K AUPEPEHIIATIBHOTO PIBHSIHHS Y BUTJIAJL 3aJI€XK-

HocTi Y(X). JIst 1iboro migHOCHMO OOHM/IBI YaCTHHH JI0 KBAAPaTy:
4+ y? = (arctg x + C)?,

Ta TIEPEHICIIIN CTAly B IIPaBy CTOPOHY, OOUUCITIOEMO KOPIHb KBaIPATHUMA

y = ++/(arctg x + )2 —

Bionogios. y = */(arctg x + C)? —

PiBHSHHS 3 BIIOKpEMITFOBAHUMHY 3MIHHUMH MOHA 3aIMCATH TaKOX Y BUTIISII
y' = i) L), (3.2)
ne f1(x) ta f,(y) — HenepepBHi (yHKIIII.
Bimokpemumo 3miHHI B piBHSIHHI (3.2): MOAUTUMO O0KB1 HOTO YaCTUHU Ha (PyHK-
uiro f;,(y), BBaxkarouw, 110 f,(y) # 0, i HoMHOKHMO Ha X, BpaXOBYIOUH, 110

dy =y’ dx. Matumemo

1
Ho) & = A dx.

[HTErpYyIOUM OCTaHHIO piBHiCTB OTPUMYEMO 3aralibHUM iHTErpan piBHIHHSA (3.2):

3 (y) ffl(x) dx + C.

Skmo f,(a) = 0, To y = a € Tako)K po3B’SI3KOM PiBHAHHS (3.2).
J1o piBHSIHHS 3 B1IOKPEMIIFOBAHUMU 3MIHHUMHU 3BOJIUTHCS PIBHSAHHS BUTTISIIY

y' = f(ax + by + ¢),
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ne a, b, ¢ — noBunbHi cram. JlificHo, BUKOHABIIM 3aMiHy Z = aX + by + ¢, mis 3Haxon-
KEHHS (PYHKIIIT Z OTpPUMAEMO PIBHSIHHS 3 BIJOKPEMITIOBAHUMH 3MIHHUMU
z' =a+ bf(2).

Ipukaan 3.2. 3iHTerpyBaTu piBHIHHSA

= (4x + y + 5)%.
Posé’sazanna. Hexait z=4x+y+5, toni y' =2z —4, i BuxigHe piBHAHHS

NCPECIMUIICTLCA Y BI/II‘J'IHI[i

7' — 4 = 72,
dz

2
—=7244
dx z

BinokpeMuMo 3MiHHI Ta MPOTHTETPYEMO:

dz _d p
z2+4 x’j 2%+ 4 jx

jzz+4 jdx

Z
Earctg2 =x+C, arctg§=2(x+C),

%z tg(2x + C), ne C = 2C, z = 2tg(2x + C),

TIOBEPHEMOCH /0 BHKOHAHOT 3aMiHU
4x +y +5 = 2tg(2x + C).
OT1xe, 3araJJbHUM PO3B’SI3KOM €
y = 2tg(2x + C) — 4x — 5.
Ockinbku z2 + 4 # 0 Ha MHOKMHI JIHCHUX YHCEN, TO IHIIUX PO3B’A3KiB HEMAE.

Bionosios. y = 2tg(2x + C) — 4x — 5.

3.2. OnHopinni nudepeHuianbHi piBHIHHA Mepmoro nopsaaky. Oynkiis f(X, y)
HA3WUBAETHCS 00HOPIOHOI0 hyHKuicio sumipy M, ko VA > 0 BUKOHY€EThCS PIBHICTH
fQx,Ay) = A" f(x,y).
@yuxuis f(X, Y) Ha3UBa€ThCS 00HOPIOHOIO PyHKYiEI, TKIIO BOHA € OJHOPITHOO

dyHKITiE€I0 BUMIPY HYJb, TOOTO VA > 0 BUKOHYETHCS PIBHICTH

f(Ax, 2y) = f(x,y). (3.3)
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HudepennianbHe piBHIHHS
y' =fxy), (3.4)
HA3UBAETLCS 00HOPIOHUM pieHanHam, sKiIo GyHKIIS f(X, Y) € omHOpITHOIO QYHKITIETO.
OpnHopigHe piBHSHHS 3BOJIUTHCA 10 PIBHSHHS 3 BIIOKPEMIIIOBAHUMU 3MIHHUMH.

OckuibkH TIpaBa yacTUHA piBHSHHS (3.4) — oqHOpiIHA QYHKINISA, TO MiJCTaBUBIIN
. 1 : .
B piBHIiCTh (3.3) A = ~ MaTHMEMO f,y)=f (1,%). TakuM 9MHOM, OJHODIZHE PiB-
HsiHHS (3.4) MOJKHA 3aIlUCcaTH Y BUTISAII

y' =f(12). (3.5)

X
Bukonaemo 3aminy mykaHoi ¢yHkmii y = zx, ne z = z(x) — HOBa IIyKaHa
¢yukuis. Toxi y' = z'x + z i piBusans (3.5) HaOy1e BUTIISLY
zZ'x+z=f(,z). (3.6)
OTtxe, nns 3HaXOKeHHS (QYHKIIT Z ofepkaiv PiBHIHHS 3 BiJOKPEMIIIOBAHHUMHU

3MIHHUMU. BiokpeMuBIIM 3MiHHI B piBHSHHI (3.6)

dz dx

f(1,z) —z X

Ta MPOIHTErPYBABIINA OTPUMAHY PIBHICTb, OJEPKUMO

dz
Jf—(l,z) —, = In|x| + C.

dz

a2 ™© 3arajlbHU# IHTErpaig OAHOPIN-
JZ)—Z

Sxmo BBecTn mosHavenus F(z) = [
HOTO piBHAHHSA (3.4) MOXEMO 3amucaTH y BUTIISIL
y
F(—) = In|x| + C.
X

Po3B’s13kamu ogHOP1AHOTO PiBHAHHSA (3.4) MOXKYTh OYTH TaK0X (QYHKIII1 y =
ax (x # 0), ne a — xkopinb pisasang f(1,z) —z =0,tax = 0 (y # 0), axi Mmorau 6yTu
BTpadeHi MpH BilOKpeMIIeHH1 3MIHHUX. L{i po3B’ 3K MOXKYTh BUSIBUTUCS OCOOMBUMH.

Hudepenttiaibae piBHIHHS B CHMETPUYHIN dhopmi

M(x,y)dx+ N(x,y)dy =0
€ opHopimanM, ko M (x,y) ta N(x,y) — ogHopigai GyHKIIi 0OJHAKOBOIO BUMIpY.

Ilpukian 3.3. 3HaliTy 3araJibHUM IHTErpasl AUPEPEHIIaTLHOIO PIBHIHHS
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xy' = 2x%+y?%+y.

Po3z¢’azanna. JlinuMo mnpaBy YACTUHY pIBHSAHHSA Ha 3MIHHY, fKa CTOITh
MHOXXHUKOM  Oulss  moxigHoi. B pesymbraTi mOpuiiieMo 10  OJHOPIAHOTO

nudepeHIialbHOro piBHIAHHS 0-ro BUMIPY

(x, Ay) = 2 1+(Ay)2+’1y—2 1+
fAx, Ay) = Ax Ax

VY nigcyMky 6aunmo, 1m0 piBHICTH (3.3) BUKOHYETHCS, @ OT)KE, JaHE PIBHSIHHSA €
OJTHOPIJTHUM.

Jani nepeiinemo 10 HOBOI 3MiHHOTY = x z(X); z = % [Tpu npomy He 3a0yBaEMO
BUPA3UTH MOXiTHY Y’ depe3 MOoXigHy HOBOI mykaHoi GhyHKIii Z(X):

dz+ _, 1+(zx)2+zx
xdx Z= X x '

dz
x—+z=2J1+2z%2+7z.
dx

PiBHsiHHS HAOyIEe BUTIIATY

x%= 24/ 1 + z2.

dx

[Tepexoaumo 10 qudepeHITiaNbHOTO PIBHIHHS 3 BIJOKPEMIICHUMH 3MIHHUMU .

dz dx

z2+1 X

[HTerpyEMO OOU/IB1 YACTUHU PIBHSIHHS
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dz dx
— =2 —.
z2+1 X
JU1st 3py4HOCTI OalbUINX EPETBOPEHh KOHCTAHTY BIpa3y BHOCHUMO Iij Jiora-
pudm:
1n|z+ z% + 1| = 21In|x| + InC.
3a BIIaCTUBOCTSAMH JIOTapu(pMiB OTpUMAHE PIBHSIHHS €KBIBaJCHTHE HACTYITHOMY
z++z%2+1=xC.

Ha ObOMY piBHSIHHSI oe HE p033’513aHe, alnKe HCO6XiI[HO MMOBCPHYTHUCA JO BUKO-

HAHOI 3aMIHH 3MIHHHUX

y +vy%+x2%2 =x3C.

Le 1 € nrykaHuii 3araabHUN PO3B’SI30K AU(PEPEHITIATLHOTO PIBHSHHS.

Bionosios. y + \/y? + x2 = x3C.

3.3. PiBHsIHHSI, 3BITHI 10 OTHOPITHHUX.

PosrnsiHeMo nudepeniiianbae piBHAHHS

, (a1x+b1y+c1)
Y= a,x + b,y + ¢/’

(3.7)

ne ai, ag, b1, by, €1, C2— mesxi crani.
SAxmo c¢; =c, =0, To mudepenmianpHe piBHsIHHSA (3.7) € OAHOPIAHMM piB-
HSHHSIM.

a; by
a, b,

710 OJTHOPITHOTO PIBHSHHS 3a JOTIOMOTO0 3aMIHH

a) Skmo A = # 0, To nudepenmianpHe piBHIHHS (3.7) MOKHA 3BECTH

x=u+xyy=vw+y,y =v, (3.8)

27



ne (xg, o) € pO3B’A3KOM CHCTEMH anreOpaiyHuX PiBHIHb:

{ale + b13’0 + 1 = 0,

a;Xg + beO + Cy, = 0. (39)

Ockuibku A # 0, To niHIMHA HEeoHOPIAHA cucTeMa (3.9) Mae eAMHUN PO3B’A30K.

[TincraBumo (3.8) B (3.7), 1 TaKUM YHMHOM OJIEP>KUMO TU(epeHIliaTbHe PIBHIHHS

av (alu + b;v + a;x9 + b1yy + Cl)
du \ayu + byv + ayxy + by + ¢,/
a6o, BpaxoBytouu (3.9),

dv a,u + byv
= ( ) (3.10)

du a,u + b,v
OueBuano, 1o audepenuianbie piBHAHHSA (3.10) € OJHOPITHUM 1 PO3B’SI3YETHCS
3aminoro 3minaux v(u) = z(u)u.
Ipuxaan 3.4. Po3p’s13aTu piBHSAHHSA

QRy—-1)dx+Q2x+y+1)dy=0.

Po3é’sazanns. 3anuiemo naHe piBHAHHA y Burisiai (3.7):
dy  1-2y
dx 2x+y+1

A=|(2) ‘12|=0+4=4¢0.

3rigHo 3 (3.8) poOuMoO 3aMiHy, MOIIEPEIHBO PO3B’ A3aBIIA CUCTEMY aJIreOpaidHux
9

PIBHSIHB
3
{ 1-2y=0, _ o= —7
2x+y+1=0, _1’
yO_Z’
_ 3
{x:u+x0, x=u=7
= v+ Yy, 1
y Yo Y=+
2
, _dv
Y T
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dv 1—2(v+%)

du 3 1
Z(u—z)v+§+1
dv 1-2v—-1
=, 3. 1.7
2u—2+v+2+1
dv_ —2v
du 2u+7v

1 TAKUM YMHOM MM OJIEp>Kajii OJHOpi/IHE Nu(depeHLiaabHe PIBHSAHHS.

Bamina v =z(u)‘u, v' =z'u+ z:

, —2zU
Zu+z=——-—
2'u+z-u
- -2z , -2z
Z U Z = » Z U= - 4,
24+ z 2+ 2z
, —27 — 27 — 72
zZu= )
24+ z
dz' —z%—4z
u- =
du zZ+ 2

BimokpemMuMo 3MiHHI Ta POIHTETPYEMO

j z+2 Qg = du
—z2 — 4z Z= u’
j z+2 p _du
z%2 + 4z Z_u'
1fd(zz+4z)_1| |~ In|C|
2 z%2 + 4z — i st

1
_§1n|z2 + 4z| = In|u| — In|C],
1
E1n|22 + 4z| = —In|u| + In|C|,

29



1
Elnlz2 + 4z| + In|u| = In|C|,

u-vz2+4+4z=_=C.
[ToBepTaeMocs /10 TOYaTKOBUX 3MIHHUX;

N 3 1
u=x+—-,v=y—=
4 Y73

) 1

b y—1

7 =—= 2’

43

XT3

_1)? _1
Bionoeioe. (x + z) (y 2) + 4(y 32) = C.

()
ap by
6) Sxmo A= a b = 0, TOOTO a1b2 = azbl, TO A1 = /1612, bl = /’lbz, a TOMY
2 2

nudepeHItianbpie piBHIHHSA (3.7) MOXHA 3aMKUCcaTH Y BUTIISAII

vy =f (A(cizxx:bbzzyyi_t;l) = fi(azx + byy).
Taxum ynHOM, ofepkanu audepeHIiaabHe PIBHIHHSA, SIKE 32 JOTIOMOTOIO 3aMiHU
Z = ayX + b,y 3BOAUTKCS 70 PIBHAHHS 3 BITOKPEMITIOBAHUMH 3MiHHUMH
z' =a, + b,f1(2).
3ayBa)KUMO, 1110 JJIs 3BeJIcHHS PiBHSHHA (3.7) 10 PIBHSHHS 3 BiIOKPEMITIOBAHUMU

3MIHHUMH MOHa 3aCTOCOBYBATH TaKOX 3aMiHH Z = a4 X + b1y, Z=a.;x + b1y + ¢4

a00 z = a,x + b,y + c5.
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Ipuxaan 3.5. Po3p’s13aTu piBHSAHHSA

x—y—1+@—-x+2)y' =0.

Po3z¢’azanna. 3anuiiemMo naHe piBHsAHHA y Burisi (3.7):

, —x+ty+1
Y = y—x+2’

_ |71 1) _ _
a=|2; 4|=-1+1=0

Bukopucrapuiu 3amMiny z = y — x + 2, 0JIepKUMO:
y=z+x—-2 >y =2z"+1,

—x+z+x-2+1

z'+1= ,
Z+x—2—x+2
z—1
z'+1= :
Z
z—1 ) z—1—2z
zZ = -1, z = :
A A
1

BimokpemMuMo 3MiHHI Ta MPOIHTETPYEMO
dz 1
—=—— = | zdz=—-| dx,
dx VA
2

= x+C
2 - T

72 =2(C - x),

(y—x—2)2=2(C —x).
Bionogios. (y — x — 2)? = 2(C — x).

3.4. KBaziomHopiani piBHsIHHS Tepmioro nopsaky. udepeHmiaabHe piBHIHHS

y'=fxy) (3.11)
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HA3UBAETLCS K8A3100HOPIOHUM PIGHAHHAM 3 TIOKa3HUKOM KBa3IOAHOPIIHOCTI 0, SKIIO
V. > 0 BUKOHY€THCS PIBHICTH
fQx,2%y) = 277 f (x, ), (3.12)
T00TO piBHsHHA (3.11) 1HBapiaHTHE (HE 3MIHIOE CBOTO BUTJISAY) BIAHOCHO 3aMiHU
x - Ax,y = A%.

3a jomomororo 3aminu mrykanoi ¢GyHkitii y = zx°, ne z = z(x) — HOBa IIyKaHa
¢yHK1isA, kBaziogHopigHe piBHAHHS (3.11) 3BOAUTBHCS A0 PIBHSHHS 3 BIIOKPEMIIIOBA-
HUMU 3MIHHUMU. J{iicHO, micist 3aMiHM IIykaHoi ¢yHKuii, 3amicts (3.11) oTpumaemo
PIBHSIHHS

x°z' +ox° "1z = f(x,x°, z).
3rigHo 3 piBHicTIO (3.12)
flx,x%z) = f(x-1,x%2) = x°"1f(1, 2).

Takum 9rHOM, TSI 3HAXOHKCHHS (QYHKIIIT Z OJCPKUMO PIBHSHHSA 3 BiIOKPEMITIO-

BaHUMH 3MIHHUMHU

4 = fQ1,z)-oz
—x .

(3.13)

Po3p’si3aBmu piBHsHHA (3.13) Ta BHKOHABIIM OOCpHEHY 3aMiHYy, 3HAWJIEMO 3a-
rajgbHUN Po3B’ 30K KBaziogHopiaHOro piBHAHHA (3.11). [Ipu nboMy ciig mam’siTaTH o
MOXKIIUBICTB BTPATH CTAJIMX PO3B’SA3KiB, IKi BU3HAYAIOTHCS KOpeHsMu piBastaus f(1,2) —
oz = 0, IpH BiJOKpEeMJICHHI 3MiHHUX Y piBHAHHI (3.13).

Ilpukiajn 3.6. Po3s’sa3aTu piBHSIHHSA

2x%y’ = y3 + xy.

3+
Posé’azanna. y' = nyfy = f(x,y);

By3+axdy Py +xy)  Ay®+xy
222x2  A%2-2x%2 2x?2

fQx,Ay) # f(x,y).

/135:)13 + AXAS}/ B A3Sys + As+1xy
212 x2 B A% - 2x2 2x2 2x?%

[Tepesipsiemo piBHicTh (3.12):
3
— 135—2 Y +/15+1_2 xy

fQx, Ay) =
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3s—2=s5-1,

2s=1=>s=—,
S s=3
1
Bamina y(x) = x2z(x):
1 _1 1
y' =X 2z+ z'x2,

2

1
.5 — _ 3 5
Z X2 = ZZ"+ 12

dz dx
2.[-75:: —
Z X

=—(Z3+2)x"2— —5Z
2x2

1 1 1
_1Z’
2x2 2x2

1
fz‘3dz = f—dx,
x

—-3+1

—-3+1

2

1 y
——=Inlx|+C,z(x) ==
z 1
X2

33
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yz(x'E
— — = In|x| + C,
yZx—1
—— =1In|x|+C,y* = - -
2 V= In|x| + C’

x =0 — He € po3B’SA3KOM,

2 X
=-2+¢
Bionoeios. {y In|x|
y = 0.

Ipuxnan 3.7. 3HaliTH KpUBY, sSKa MAa€ HACTYIHY BJIACTHBICTb: PIZHUI MIXK

TAHT€HCAMM KYTiB HaXWJy JO OCi aOCIMC JOTUYHOI A0 KPUBOi B OyIb-sIKii 11 ToUIlll Ta

paziyc-BeKTOpa TOYKH JIOTHKY piBHA 1.

Po3é’azannsa.  CxiagemMo  mudepeHIiadbHy  MOJENb

chopMynbOBaHOI T€OMETPHYHOI 3a;adi, TOOTO BHUBEIAEMO M(x.y)
’

nudepeHIliaibHe PIBHSIHHS KPUBUX, SKI MAlOTh 3rajaHy B YMOBI

3a/1a4i BIACTUBICTh. {7151 bOro modymyeMo cXxeMaTH4HHM rpadik

mrykanoi kpuBoi Y = Y(X), mo3nauuBim uepe3 M (X,Y) Obkyuy

TOUKY Ha 1ii KpuBii (puc. 3.1). 3poObumMo 1oNMOMiKHI MOOYIOBH: A B
poBeIEMO T0TUYHY AM 10 cxemaTuuHoro rpadika B Toumi M, a Puc.3.1
TaKOX paniyc-BekTop OM TOYKHM TOTHKY Ta OpJAvMHATY MB, MepneHIuKyIsIpHYy 10 OCl
a6cmuc. Toxi 3 BUKOpUCTaHHSIM TTO3HAYEHB Ha puc. 3.1 yMOBY 3a/1a4ui MOKHA 3alTUCaTH Y

BHTJISIJII MATEMATHIHOT PIBHOCTI
tg /MAB —tg Z/MOB =1, (3.14)

{06 3ammcaTtu BiAmoBiAHE nudepeHIiaTbHe PIBHSAHHA, MOTPIOHO BUPA3UTH BCI

BEJIMYKHH, 1110 QirypyroTs y piBHOCTI (3.14), uepe3 x, y Ta Y'.

Ockinbku 3rimHO 3 HammMmu Tno3HadueHHsMu OB=X, MB=Y, To i3 mpsaIMOKyTHOTO

AMOB Bu3HauaeMo
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tg-MoB=MB_Y
OB X

TanreHc KyTa HaXWIy JOTUYHOI BU3HAYAETHCS HA MIICTaBl TEOMETPUYHOTO 3MICTY
MOX1HOT:
tgZMAB =y'.
[TincraBuBIIM 3HAMACH] 3HAaUEHHS TaHTeHCIB Y (3.14), onep)uMo nudepeHiiaabHe

PIBHSIHHS IIYKaHO1 CIM’ 1 KpUBUX

y-Yo1 o WYy (3.15)
X dx x

3ayBaxkumo, 1o JIP (3.15) € HemiHIMHUM OJHOPIIHUM, OCKIUIBKH JUIsl WOTO MpaBoi

y

gactuuu f (X, Y) == +1 BUKOHYETHCS YMOBA OAHOPITHOCTI:
X

foxay) =Y 12 Y v1- f(xy), VA £0.
AX X

Jlns interpyBanHs ojaHopigHoro [P (3.15) BBememo miACTaHOBKY Y =XZ, 1e

Z = z2(x) noBa ueBigoma dynkiis. Toxai 3 (3.15) ogepkumo

dz
Z+X—=12+1,

dx
a00 MiCIIs CIIPOIIEHHS
az =1. (3.16)
dx
JIP (3.16) iHTErpy€eThCS MUISIXOM BIIOKPEMIICHHS 3MIHHUX:
dz= dx :
X

[3 ocTaHHBOT PIBHOCTI MICIISI IHTETPYBaHHS JIBO1 Ta MPABOi YACTHH OTPUMYEMO

z=In|x|+C, (3.17)
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ne C — noBuibHa ctana. Bukonasum B (3.17) 3BOpOTHY 3aMiHy 3MIHHUX Z =

X H
nicraneMo 3aranbuui iHTerpan P (3.15)

Y _in|x|+C,
X

13 IKOTO MOYKHA BUPA3UTHU 3araJIbHUI PO3B’A30K Y IBHOMY BUTJISI
y=X(C+In|x]). (3.18)
I3 mepexony Bix (3.16) no (3.17) BumIuBae HEOOXIAHICTH TOAATKOBOI MEPEBIPKU
dbynkiii X =0, sika oueBuaHO HE € po3B’s3koM JIP (3.15). OTxe, y mpolieci iHTerpyBaHHs
MU HE JIONYCTHUJIM BTPATH PO3B’s3KiB, 1 piBHICTH (3.18) BKiIIOYAE BCIO MHOXHHY
po3B’si3kiB JIP (3.15), To6TO 3a7ma€ CiM 10 KpUBHX, SKI MalOTh BKa3aHy B YMOBI 3ajiayl

BJIACTUBICTD.

Bionoegios. Cim’st miykaHux KpuBuX 3a1a€thes piBHIHHIM Y = X(C +In | X|), ne C —

JIOB1 JIbHA CTaJIa.
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3aBiaHHd s iIHAUBIAyaabHOL podoTu Nel
ITocTaHoBKa 3aB1aHb:
1. 3a tonomororo 130K11H NOOYAYBATH 1HTETPaIbHI KPpUBI JU(EPEHIIaTBHOTO PIBHSIHHS.

2. Po3B’s13aTu piBHSHHSA (32 HASBHOCTI MOYAaTKOBOT yMOBH — 3aj1auy Kol A 3agaHoro
PIBHSIHHS) LIUISIXOM BIJOKPEMIICHHS 3MIHHUX a00 MONEpeHbOro 3BEJICHHS 3aJaHOIr0

PIBHSIHHS 10 PIBHSHHS 3 BIIOKPEMJIIOBAHUMHU 3MIHHUMU.
3. 3HalTH pO3B’SI30K OJHOPIAHOIO MU(EepeHIIaTbHOTO PIBHIHHS.
4. Po3B’s13aTU PIBHSAHHS, ONEPEIHBO 3BIBIIM HOTO 10 OJTHOPITHOTO.
5. Po3B’s3atu 3a1a4y NUISIXOM 1HTETPYBaHHS BIIMOBIAHOT AU epeHIIIaIbHOT MOJIEIII.

BapianT 1
1Ly =tg(y—x3). 2. x°y?y' +1=y.

X

,_xy+y2e g

X2

3.y 4. 2x—4y+6)dx+ (x+y—-3)dy=0.

5. 3HalTH KpUBI, y SKUX MIJIOTHYHA JOPIBHIOE CyMi aOCIUCH Ta OPAWHATH TOYKHU JO-

THUKY.

BapianT 2
1. y'=y+e* ™t 2 xydx+(x+1dy=0. 3. (y+w/x2—y2}ix—xdy:0.
4. 8X+4y+1+(4x+2y+1)y'=0.

5. BuzHauuTu KpuBi, y SKUX MIJOTHYHA € CEPEaHIM apu(METUYHUM KOOPJAUHAT TOUKH

TIOTHKY.

BapianT 3

1 y'=y—x®-2x-1. 2. \y?+1dx=xydy. 3. (x—y—\/ﬁ)dx+\/@dy=0.

4, (x—2y-1)dx+ (3x—-6y+2)dy=0.
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5. 3HalTH KpHBI, Y SKUX NIAHOPMAJb JOPIBHIOE PI3HUIII MK pajalyCc-BEKTOpOM Ta alc-

MUCOX0 TOYKHU TOTHUKY.
BapianT 4
1. y'=cos(y —x% +1). 2.7z'=10""%,

X X

3. xye;+y2 dx—xze;dyzo. 4. (X +y)dx+(x+y-1dy=0.

5. 3HallTH KpUBI, y SKUX TPUKYTHHUK, YTBOPIOBaHUU Biccio Oy, TOTUYHOIO Ta pajiyc-

BEKTOPOM TOYKH JOTUKY, € PIBHOOIUHHUM.
Bapiant 5

1. xy'+y=0. 2 y'ctgx+y=2, y(-1)=0.

3. (xctgz—yjdx+ xdy=0. 4. (x+2y+1Ddx+(2x+4y+3)dy=0.
X

5. BuzHauntu KpuBY, siIka TPOXOJUTH Yepe3 MOYaTOK KOOPAMHAT 1 MOAUISE MPSIMO-

KYTHHUK, YTBOpeHI/Iﬁ KOOpOAWMHATHUMHU OCAMH Ta INCPICHAUKYJIPpAMU, OIIYIIICHUMU Ha

HUX 13 Oy/Ib-SKO1 TOYKHU KPHUBOIi, y BiAHOIICHH] 2:1.

BapianTt 6
Ly=2x. 2.y=3y?, y2)=8.

3. (ZM—y)dx—xdyzO. 4. (X+y+2Ddx+ (2x+ 2y —1)dy=0.

5. 3HaliTH KpuUBi, Y SKUX TPUKYTHUK, YTBOPIOBAHUN HOPMAILTIO B OyIb-sKiil ii TouIll 3
OCSIMH KOOPAMHAT, PIBHOBEIMKUN 13 TPUKYTHHUKOM, yYTBOPIOBAHUM BICCIO aOCITHC,

AJOTHUYHOIO Ta HOPMAJLIIO.

BapianT 7

1. xy'=2y. 2. xy'+y=y?, y(1):%. 3. (x—ycosxjdwr xcoszdyzo.
X X
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4, x—y-1+(y—-x+2)y'=0.

5. 3HaWTH KpUBIL, y AKUX HOPMaJb 301raeTbcs 3 pajilyc-BEKTOPOM TOUYKHU JOTHUKY.
BapiaunT 8

1y =2x(1-vy). 2. 2x%yy'+y?=2.

3. xy' —y=(x+ y)InXLXy. 4. (y-1Ddx+(2x+y+1)dy=0.

5. 3HAWTH KpUBI, Y KUX MIJJOTUYHA JOPIBHIOE JOBXKKHI Pajlyc-BEKTOPa TOUKH JOTHUKY.

BapianTt 9
1 (X—y)y' =Xx+Vy. 2.y —xy?=2xy.

3. xy':ycosln% 4. (2y +3)dx+ (x+y—3)dy=0.

5. 3HalTH KpHBI, Y AKUX TOYKA MEPETHHY OY/b-sIKOi TOTUYHOI 3 BicCIO abciuc Mae adc-
IIMCY, BABIUI MEHIITY 32 a0CITUCY TOYKH JOTHKY.

BapianT 10

- ds
1Ly=y-x° 2e° 1+ |=1
v=y 1+5)
3. xy' —y=xtgY. 4 (y+2)dx+(y—2x—2)dy=0.
X
5. 3HaliTH KpUBi, Y SKUX TPUKYTHUK, YTBOPIOBAHUN HOPMAILTIO B Oyab-sKiil ii TouIll 3

OCSIMH KOOPJIMHAT, PIBHOBEIMKHUH 13 TPUKYTHUKOM, YTBOPIOBaHHUM Biccio Ox, TOTHY-

HOIO Ta HOPMAJLIIO.

BapianT 11

1 2(y+y)=x+3. 2. (x* -1)y'+2xy? =0, y(0)=1.

3. (y+\/@)dx:xdy. 4. (2y —1)dx+ (2x+y +1)dy=0.
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5. BuzHaunTH KpHBI, yci TOTHUYHI 10 IKUX IPOXOJATh Yepe3 NOYaTOK KOOPIUHAT.

BapianT 12
2 2
1. y’:X ;y —1. 2. y'sinx—ycosx=0, y(gjzl.

3. Bx—=2y)dx+(y—2x)dy=0. 4. (3x+2y—-1dx+ (x+1)dy=0.

5. 3HalTH KpUBI, Y SKUX TPUKYTHUK, YTBOPIOBAaHUI HOPMAJLIIO B OyAb-sKill ii Toull 3
OCSIMU KOOPJMHAT, PIBHOBEJMKUN 13 TPUKYTHHUKOM, YTBOPIOBaHHMM Biccio abcuuc,

AJOTUYIHOIXO Td HOPMAJUIRO.

BapianT 13
1 (y2+1)y' =y—-x. 2. e*sin®y+(@+e**)cosy-y =0.
3. 2y —2x)dx+(y—3x)dy=0. 4. (2—x-y)dx+(2x-1)dy=0.

5. 3HallTH KpUBI, y SKUX TPUKYTHHUK, YTBOPIOBAHUU Biccio Oy, TOTUYHOIO Ta pajiyc-

BEKTOPOM TOYKHU JIOTUKY, € PIBHOOIUHUM.

BapianT 14
1. yy'+x=0. 2. xsiny=y'(1+x%)cosy, y(Q) :g.

3. (5x+3y)dx+ (x+y)dy=0. 4. (x—2y+4)dx+ (3x—2)dy=0.

5. BuzHauntu KpuBY, sika TPOXOIUTH Yepe3 IMOYATOK KOOPJWHAT 1 MOAUISE TMPSMO-
KYTHUK, YTBOPEHUN KOOPJAUHATHUMH OCSIMU Ta NEPICHAUKYISAPaMH, ONMYIIEHUMHU Ha

HUX 13 Oy/Jb-AKO1 TOUKU KPUBOi, y BiIHOIIEHH1 2:1.
BapianT 15
1. xy'=2y. 2. (xy? +x)dx +(y—x?y)dy =0.

3. (I13x+ y)dx+ (y—5x)dy=0. 4. 2x+y—2)dx+(2—2x)dy=0.
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5. loBecTH, 110 KpUBa, ycl HOpMaJl 10 SKOi MPOXOJATh Yepe3 OJHY U Ty K (DIKCOBaHY

TOYKY, € KOJIOM.
BapianT 16
1. xy'+y=0. 2. x%*y’ —cos2y=1.
3. (Bx+2y)dx+xdy=0. 4. (2x+y+1)dx=(4x—y)dy.

5. 3HalTH KpHBI, y SKUX TOYKA MMEPETUHY OYyb-AKOi JOTUYHOI 3 BicCI0 abcuuc Mae adc-

IIUCY, BABIU1 MEHIITY 32 a0CIIUCY TOYKH JOTHKY.
BapianT 17
Ly +y=(x-y)3. 2 3y?y +16x=2xy°.
3. (x=2y)dx+ydy=0. 4. 3x+y-Ddy=(2x+2y-1)dx.

5. 3HallTH KpHBI, I AKUX IUIOMIA TPUKYTHUKA, YTBOPEHOTO JOTUYHOIO, OPAMHATOIO

. . 2
TOYKHU JOTHUKY Ta BICCIO a6CHI/IC, € BCJIMYMWHA CTaJld, P1BHA a .

BapianT 18
1. y'=x—eY. 2. x?y'cosy+1=0.
3. y(y —3x)dx+ x(2x+ y)dy=0. 4. (5x+2y)dx+ (2x+y+1)dy=0.

5. 3HalTH KPUBI, Ul IKUX TAHTCHC KyTa HAXMITY TOTUYHOI B OY/Ib-sKii iX TOYIIl B 77 pa3iB
OUTBIINI 32 TAHTEHC KyTa HAXWITY MPAMOT, 0 MPOXOJUTH Yepe3 1[I0 TOUYKY 1 TOYaTOK

KOOpAMHAT.

BapianT 19
: 2y 1 2
1 y(y'+x)=1. 2. 1+x°)y —Ecos 2y =0.

3. (8x? —6xy + y2)dx + 2x%dy =0. 4. (2x =3y +1)dx+(x+y—1dy=0.

5. 3HallTH KpUBY, sIKa MPOXOAUTH uepe3 TOUKYy (2,3) 1 Mae BIACTUBICTh: BIAPI3OK i

JOBUIBHOT JOTUYHOT MK OCSIMA KOOPJAMHAT JIITUTHCS B TOUIIl TOTHKY HABIILIL.
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BapianT 20

y —3X

1. y'= :
y X+ 3y

2. Y =2x(mt+Y).

3. (X% —2xy + 4y?)dx + 2x°dy =0. 4. 2y'+x=4,[y.

5. Kpusa Yy = @(X) mpoxonuts uepe3 Touky (1,1) i Mae BIACTHBICTh: TAHI€HC KyTa HAXHITY

OyIb-SIKOi JOTUYHOT 10 HET NPAMO MPOMOPIIINHUI KBaIpaTy OpJIMHATHA TOUYKH TOTHKY.

3HAUTU PIBHAHHS II€T KPUBOT.

BapianT 21
1 ' y 2., ; _
LY = 2. X°y'+sin2y =1.
X+Yy
3. (y% +4xy —4x%)dx — 4x°dy =0. 4. y’:yz—%.
X

5. KpuBa y=q@(X) npoxoauts uepe3 Touky (0,—2) i Ma€ BIACTHBICTH: TAHIECHC KyTa
HaXWJIy JOTUYHOI /10 Hel B OyJb-AKil TOUINl JOPIBHIOE OPAWHATI ITI€T TOYKH, 3011b-

IICHIN HA TPU OJAWHUIl. 3HANUTH PIBHSIHHS 111€1 KPUBOI.
BapianT 22

1. X2 +y%y'=1. 2. y'=cos(y—X).

3. (y +yln X)dx+ xdy=0. 4.10x%y' =y(2x% - y¥).
X
5. 3HaliTH KpuBY, SKa MpoXoAWTh depe3 Touky (0,1) i Mae BIACTHBICTH: KyTOBHM
Koe(DimieHT Oyab-sIKOT JOTUYHOT 10 HE1 TOPIBHIOE MOABOEHI aOCIHCI TOYKH JOTHKY.
BapianT 23

1. (X2 +y?)y'=4x. 2. (x+Yy)*y'=a®, a=const.

3. ()Q/+ xzsini)dy—(x2 +xysind + yzjdx:o. 4. 2x%y' =y3 +xy.
X X
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5. JloBectu, 110 KpUBA, AJIs SIKOT TAHT€HC KyTa HAaXUIy Oyb-IKO1 JOTUYHOI 10 Oc1 abciuc

psIMO MPONOPUIMHUNA a0CIUCI TOUKH TOTUKY, € MapadoJIolo.

BapianT 24

1. 2xy' +y? =1. 2. (x+2y)y' =1, y(0)=-1.

3. (x +y+ ycosx)dx—(xcosz + x)dy: 0. 4. y3dx+2(x* —xy?)dy =0.
X X

5. 3HalTH KpuBI, IS SKUX BIIPI30K OC1 adCUHUC, [0 BIATUHAETHCA TIOTUYHOIO Ta HOP-

MaJlIio, MPOBEJACHUMHU 3 JOBUIBHOI TOUKH KPUBOi, MA€ CTAIly IOBXKUHY 24.

BapianT 25

1 X2y =y(x+y). 2.y =.4x+2y-1.
Pherisel
3. | X% +4fyBeV* dx—xifye' ¥ dy=0. 4 3xSydx+(y* —x8)dy=0.

5. 3HalTH KpHBI, Y AKUX TOYKA MEPETHHY OY/Ib-sIKOi TOTUYHOI 3 BicCIO abcIuc Mae adc-

IIMCY, BABIUI MEHIITY 32 a0CITUCY TOYKH JIOTHUKY.
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§ 4 Jliniiini piBHSIHHS EePIIOT0 MOPSAKY Ta 3BiHI 10 HAX

4.1. Jliniiini piBHSIHHA NEPILIOT0 MOPAAKY Ta METOAM iX iHTerpyBaHHS.
Osznauenns 4.1. Jliniiinum oughepenyianvHum piGHAHHAM NEPULO2O NOPAOKY

HA3UBA€ETHCA piBHS[HHSI BI/II‘JBI):[y
y'+ p(x)y =q(x), (4.1)

ae p(x), q(X) — 3amani HenepepBHi B 001acTi BU3HAUCHHS PiBHAHHSA QyHKIT. Ko B
(4.1) q(x)=0, To piBHAHHS HA3WUBAETHCS JIIHIMHUM O0OHOPIOHUM, Y TIPOTHICIKHOMY

BUMAJKY — JUHIUHUM HEOOHOPIOHUM.

Jliniitne nudepenmianbie piBHAHHSA (4.1) HE Mae 0COOIMBUX PO3B’SI3KIB, a HOTO

3arajibHUi pOo3B’ 30K MOXHA IITyKaTH JTBOMA CIIOCOOAMH.

1. Memoo sapiauii cmanoi (memoo Jlarpanxnca). CrioyaTky 3HaX0JUMO 3arajb-
HUii po3B’s30K BimmosigHoro mo (1.1) oxmmopimHoro piBusuus Y + p(X)y=0. Ie

PIBHSIHHS IHTETPYETHCS MIJISIXOM BITOKPEMJICHHS 3MIHHUX:

W oeoy=0 = Y- _pydx,
dx y

3BIIKHU
Vo = CeIPMax = copgt, (4.2)

3arajapHUI pO3B’SI30K HEOMHOPiMHOTO PiBHAHHS (4.1) OyaemMo mIykaTH y BUTIISAI
(4.2) 13 3acTOCyBaHHAM Men o0y eéapiauii cmanoi, To0To BBakaroun ctany C QyHKIi€r0

HEe3aJIe)KHOT 3MIHHOT X!
y = C(x)e™IPtIax, (4.3)
dynkiiro C(X) 3HaiizeMo Ge3mocepenHbor0 MmigcTaHoBKOM (4.3) B (4.1):
€' (x)e™ I PO — p()C(0)e™ T PO + p()C (0)e™ [P = q(x),
3BIJIKH
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C'(x) = q()e/ PP = ¢(x) = [ q(x)e/P®%ax + ¢,

ne C, — moBinpHa crana. IlincraBuBmm 3Hawaenuit supa3 mias C(x) y (4.3) i mepe-
no3HauuBIy 317 3pydHocTi C; =C, oxepxxumo Gopmyity sl 3araibHOTO PO3B’A3KY

JTIHIAHOTO HeonHopinHoro nudepenuiansHoro piBHsAHHA (JIHJP) mepuioro mopsaky

(4.1)

y =g PO, (C + jq(x)eI Plx)ax dx). (4.4)

2. Memoo niocmanoseku (memoo /I’Anamoepa). bynemo mykaTd po3B’si30K
JIHIP (4.1) y Burasai 4oOyTKY ABOX (YHKIIIA HE3aJI€KHOT 3MIHHOT X

y =u(x)-v(X). (4.5)

Onny 3 aBox ¢yHkuid U(X), V(X) MoxHa BUOpaTH JAOBUIBHUM YMHOM, a JPyra

BU3HAYUTHCS HA MiACTaBi piBHAHHS (4.1).
[Ticnsa mincranoBku (4.5) B (4.1) maemo:
u'v+uv' + p(x)uv =q(x)
abo
u'v+ulv'+ p(x)vl]=q(x). (4.6)
bynemo Bumaratu, 11106 y piBHOCTI (4.6) KoedimieHT mpu U(X) mepeTBOpHBCS Ha

HyJb, TOAI 3a QyHKIi0 V(X) MOXHA B3ATH OYIb-SIKH pPO3B’A30K aHAJIOTTYHOIO JI0

PO3MIITHYTOrO BHUIIE JIHIHHOTO ofHOpigHOTO /[P
v+ p(x)v=0,

- d : i
[rtgdc Toni 3 (4.6) s Bu3HaueHHs GyHKil U(X) gicTaHemo

HaNpUKIag, V=_e
PIBHSIHHS

IO [ pCx)dx

“q() = =q(e

45



[ p(x)dx

3BIIKH u:jq(x)e dx+C, me C — nosinbHa crama. IlizcTaBMBINM 3HaWACHI

dynkmii u(x) 1 v(X) y (4.5), nns 3aransaoro po3s’si3ky JIHP nepmioro nopsaky (4.1)

0JIEP’KUMO BK€ BUBeJIeHY MeToAoM Jlarpanxka dpopmyny (4.4).

Ilpuxnaan 4.1. Po3p’s13aTu niHiMHE PIBHAHHS MEPUIOTO MOPSAKY

y'—yctgx=sin x. 4.7)

Po3é’azannsn. 3uaiinemo po3’sizok [P (4.7) i3 3acTOCYyBaHHSM METOJY Bapiaiii
craznoi (Jlarpanxa). 3riHO 3 aITOPUTMOM I[LOTO METOAY CHOYATKY HIYKAEMO 3arajlbHH
PO3B’s30K BiAmoBigHOro 10 (4.7) omHopigHoro piBasHHA Y — YyCtg X =0. Ile piBHAHHS

IHTETPYETHCS IIISXOM BIIOKPEMJICHHS 3MIHHUX:

%—yctgx=0 = y:ctgxdx,
X
3BIIKH
Yz.0. = Cef ctgxdx — Csinx, C = const. (4.8)

3araqbHUA PO3B’ 30K HEOTHOPIAHOTO PiBHIHHSA (4.7) OyneMo IIyKaTu y BUTIISIAL

(4.8), BBakarouu ctany C GyHKIIEIO HE3aIEKHOT 3MIHHOT X!
y = C(x)sinx. (4.9)
Oyukmiro C(X) 3HaiaeMo Oe3mocepeaHbOI0 miacTaHoBKoO (4.9) B (4.7):
C'(x)sinx + C(x)cosx — C(x)sinx - ctgx = sinx,
3BIJKH
C'x)=1 = Cx)=x+Cy,

ne C; — moBinbHa crama. IlincraBuBinu 3Haiinenuit Bupas mis C(X) y (4.9) i nepe-

no3HaumBmy 3 3pydHocti C; =C, omepxumMo 3arajbHUN PO3B’SA30K JIHIHHOTO

HeoaHopigHoro audepenuiaasHoro piBusuus (JIHP) nepioro mopsaky (4.7)
y=(x+C)sinx. (4.10)
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Sk Bigomo, niniitHe JIP, 3anucane y Burisii (4.7), He Mae 0COOMMBHUX PO3B’SI3KIB.

Otxe, ciM’st KpUBHUX, 3a1aHa Gopmymoro (4.10), BKiroyae Bci po3B’si3ku piBHSIHHS (4.7).
BignoBiab. Yy = (X + C)sin X.

Ilpukian 4.2. Po3p’s3atu 3agauy Komri ayist JiHIMHOTO pPIBHSHHS MEPIIOTO

MOPSAKY

v - —xinx, ye?)=e*. (4.11)

xIn x

Po3é’azanna. bynemo mykatu po3s’s3ok JIHP (4.11) meTtomom mifcTaHOBKH

(1’ Anambepa) y BUrsal J00YTKY IBOX (PYHKIIHA HE3aJIEXKHOT 3MIHHOI X
y =u(x)-v(x). (4.12)

Onny 3 aBox ¢yHkuid U(X), V(X) MoxHa BUOpaTH JAOBUIBHUM YHHOM, a JIpyra

BU3HAYMTKLCS HA MijcTaBi piBHAHHS (4.11).

[Ticnsa mincranoBku (4.12) y piBusiHHSA 3 (4.11) Maemo:

. , uv
uv+uv' ——=xlInx
xIn x

abo

u’v+u{v’—L}:xlnx. (4.13)
xIn x

Bbynemo Bumarartu, 1mo6 y (4.13) xoedimieHt npu U(X) mepeTBOpUBCSA HA HYJIb,

TO/1 3a PyHKIIFO V(X) MOKHA B3ATH OYy/b-SIKHI PO3B’SI30K JIHIHHOTO ogHOpiaHOTrO /[P

dv v 0 dv  dx

dx xInx v xinx’

dx
Hanpuknan, V=€ XMX =Inx. Toxi 3 (4.13) ana BusHaueHHs QyHkuii U(X) micTanemo

PIBHSIHHS
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uUlnx=xhx = —=X,
dx

sBimkn U=0,5x*+C, ne C — n0BinbHa crana. IlifcrapuBuy 3HaieHi Gpyrkuii u(x) i

V(X) vy (1.6), onepskumo 3aranbHuii po3s’s3ok JIH/IP neproro mopsaky (4.11)
y=(0,5%*+C)-Inx. (4.14)

Buninumo 3 (4.14) yacTUHHUN PO3B’S30K, KWW CIPABIKYE 3aJaHy MOYATKOBY

YMOBY y(e?) =e* I3 (4.14) IIpH 3HAYCHHIX X = e?, y=e* maemo:
e*=(05-e*+C)-Ine? = C=0.

Mykanuii po3B’si30k 3anayi Komni (4.11) oTpumaemMo, miJICTaBUBIIM 3HAYEHHS

2
C =0y popmyny (4.14). OTxe, Yy = X ;n X
2
BignoBiab. y = X ;n X .

4.2. Pipusinus bepnyJuii.

O3navenns 4.2. PiBHSAHHS BUTJISATY

y'+p(X)y=a(x)y”, (4.15)

ae p(x), q(x) — samani HenepepsHi ¢yukiil, o€ R\{0;1}, HasuBaeTscs pisnanmnsm

bepuynani.

Jlerko 6auuth, mo y Bumaaky o =0 JIP (4.15) € niHilHUM HEOTHOPIMHUM, a TIPH

o =1 — MHITHAM OTHOPITHUM.
[Toni6no mo JIHJP (4.7), piBusaHsS bepHymii iIHTErpyeThCs TBOMA MUTSIXaMH.

1. Memoo 36edennsn 0o niniitnozo pienannsa. lloninumo By 1 MpaBy 4acTHUHU

piaocTi (4.15) Ha Y, BBaxkaroun Y #0:
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Y4y + pO)Y T =a(x). (4.16)
BBegemMo nigcTaHOBKY
z()=y"* = z’=1-a)y Yy = y*y=01-a)tz.
Toni 3 (4.16) oxepkuMO pIBHSIHHS
(L-a)™2'+ p(x)z=0q(x),
a6o micis JomMHOXeHHst Ha 1— o, # 0
Z’+(l-—a)p(X)z=(1-a)q(x). (4.17)

Pipusirns (4.17) € JIHJP BinHocHO Hewimomoi ¢yHkuii z(X). Moro 3aranpHumii

PO3B’S30K MOYKHA 3aMKUCATH 3 3aCTOCYBaHHAM (Gopmyinu (4.10):

7 =g P00, (C + - a)g(xe® e dx). (4.18)

. 1— . o . .
[Migxnasmu B (4.18) 3HaueHHs z =Yy °, gicTaHEMO 3arajbHUi iHTErpa piBHsIH-

us1 bepuymii (4.15)
ylo = g 0o POOIK, (C + [ @=a)q(x)et TP dxj . (4.19)
3ayBaxxuMo, 110 y Bunaaxky o >0 piBasaHs bepuymi (4.15) Mae Takoxx ocobu-
Buii po3B’si30k Y =0.

2. Memoo niocmanoséku (memoo J/[’Anamébepa). AHAIOTIYHO 10 BHITAIKY
niHiitHOTO JIP mykaemo po3B’si30k piBHsHHS bepryimi (4.15) y Burnsai 1o0ytky (4.11)
aBox (pyHKII# He3anexHo1 3MiHHOT Xx. Oy 3 1BoX QyHKIH U(X), V(X) B (4.11) MoxHa

BUOpATH JIOBUTLHUM YHMHOM, a Jpyra BU3HAYUTHCS Ha TixcTaBi piBHIHHSA (4.15).

[Ticns migcranosku (4.11) y (4.15) maemo:
u'v+uv' + p(x)uv =q(x)- (uv)®

abo
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u'v+u[v' + p(x)vl=q(x) - (uv)*. (4.20)

bynemo Bumararu, 1mo6 y pieHocTi (4.20) xoedirieHT mpu U(X) mepeTBOPUBCS Ha

HYJb, TO/I 32 QYHKIiP0 V(X) MOXXHA B3SITH OYyJb-SIKHMH PO3B’SI30K JIHIHHOTO OJHOPIMI-

Horo /1P
V' + p(x)v=0,
HanpuKiaa, V= e_I Plx)ax Toai 3 (4.20) mist BusHaueHHs (yHKIIi U(X) gicTaHEMO
PIBHSIHHS
_ - du -
u'e jp(x)dx _ q(X) u%e 0‘_[ p(x)dx & _ q(X) u® e(l a)f p(x)dx ’

3BIJIKM ITICJISI BITOKPEMJICHHSI 3MIHHUX 1 HACTYITHOTO IHTETPYBaHHS MAEMO:
du _ _ _
—= q(x)ed WP gyl 1- oc)j'q(x)e(l DILCL e
u

ne C — mosinbHa ctana. [ligcraBuBim 3HaiaeHi pynkii U(X) 1 V(X) y popmyny (4.11),

1-a 1

SKY 3aJJ1s1 CIIPOICHHS 3aliCy MOXKHA PO3TIISIATH Y BUTJISII yl_“ =Uu v %, onep-

KUMO TTOOYTOBaHMI BHUIIE METOJOM 3BEACHHS 10 JIIHIHHOTO PIBHSHHS 3arajlbHUM 1HTET -

pai (4.19) piBusuus bepuyimti (4.15).

Ilpukiajn 4.3. 3inTerpyBaTtu piBHsIHHSA bepHyi:

X2y'+xy +./y =0. (4.21)

Po3zé’azanna. Tlonamo JIP (4.21) y crangapTHOMY BUTJSiIAI piBHSHHS bepHysmi

N~

npu o =

' % Jy (4.22)

st inrerpyBanns [P (4.22) 3actocyeMo MeTOJ 3BE€JIEHHS /IO JIIHIMHOTO PiBHSH-

H4. [loguiumo By 1 mpaBy 4acTUHU PiBHOCTI (4.22) Ha ﬁ , BBaxkaroum Y # 0:
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Yy g ! (4.23)

BBenemMo nicTaHOBKY

' y y '
2(X)=.y = 17'= = =27,
2.Jy Jy
Toni 3 (4.23) ogepkKuUMO pIBHSIHHS
27/ + % :—i2
X X
abo
Z 1
2 — =" 4.24
X 2l (4.24)

PiBusiuus (4.24) e JIHAP BignocHo HeBimomoi ¢yHkmii z(X). 3Haitmemo ioro

pPO3B’S30K 13 3aCTOCYBaHHAM MeTOAy Bapiamii ctanoi (Jlarpanka) aHaNOTI4HO 110

[Mpuxmany 4.1. CrouaTKy IIYKaeMO 3arajbHHH pPO3B’SI30K BiamoBigHoro mo (4.24)
. . .z . . .
OJIHOPIIHOTO PIBHSIHHS Z +2—=O. Lle piBHSIHHS 1HTETPYETHCS HUISIXOM BiIOKpEM-

X

JIECHHSA 3MIHHUX:

3BIIKHU

[

Z,, =Ce “'2x = = const. (4.25)

= ¢

3aranpHUI PO3B’I30K HEOJHOPITHOTO PiBHIHHS (4.24) OyneMo nIyKaTH y BUTIISII

(4.25), BBaxatoun crany C QyHKIIIEIO HE3alIe)KHOT 3MIHHOT X'

_Ck)
= I (4.26)

®dyukiro C(X) 3HaimeMo 6e3mocepeIHbOI0 MiACTaHOBKOO (4.26) v (4.24):
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C'(x) B C(x) N Clx) 1
VX o 2vx® 2x/x 2x?

3BIIKHU

1
=4 C(X) :_+C1,

C'(x) = — =

1
2Vx3
ne C;, — nmomutbHa crama. IlimcraBuBimim 3Haiimenuit Bupa3 mwist C(X) y (4.26) i

nepeno3HaunBmy 33 3pyuHocti C; =C, omepkumo 3aranpHuii po3B’szok JIHJ[P

HEePIIOTO MOPsKY (4.24)

(L)l At C
z—(&+Cj I x+\/§' (4.27)

BpaxoByroun micTaHOBKY Z:\/y , 13 (4.27) mictanemo 3arajibHUN PO3B’SI30K

piBasiHHs bepnyiui (4.22)

5-i.C 4 y_(1+3j2
X /X X JIx)
3ayBakMMO: OCKUIbKH B (4.22) a:%>0, TO pIBHAHHS bepHymIi Mae Takox

po3B’s30k Y =0.

2
BignoBiab. y = (% + %} , y=0.
X

[Ipukian 4.4. Po3’s3atu 3apauy Komri ni1s piBHsiHHA bepHyiti:

, In x
Xy’ + y=7, yd=2. (4.28)

Po3zé’azannsa. Tlonamo JIP (4.28) y crangapTHOMY BUTISI piBHSHHS bepHymi

mpu o =—3:

Y+ % _Inx. (4.29)



bynemo mykatu poss’szok JIP (4.29) meromom mincranoBku ([I” AmambGepa) y
BUTIISA 10OYTKY (4.5) nBoX pyHKIIIH He3anekHOT 3MIHHOT x. OfHY 3 1BOX QyHKITIH U(X)
, V(X) MoxHa BHOpaTH JOBUILHMM YHHOM, @ Jpyra BU3HAYUTHCS HA MiJICTaBi PIBHIHHS

(4.29).

[Ticns migctanoBku (4.5) y piBHAHHS (4.29) Maemo:

, , uv  Inx
uv+uv' +—= 3
X x(uv)
abo
u’v+u[v'+q: Inxgl (4.30)
X]  x(uv)

bynemo Bumaratu, mo0 y (4.30) koedimieHt npu U(X) mepeTBOPUBCSA HA HYIIb,

To/ii 3a QyHKIiF0 V(X) MOXHA B3ATH OYyAb-IKUI O3B’ 30K JiHIHOrO ogHOpigHOrO JIP

dv v dv dx
—+—=0 = —=——,
dx x Y] X

dx

Hampukaax, V=€ X =X T, Toxi 3 (4.30) w1 BusHaueHus GyHkuii U(X) micranemo

PIBHSIHHS

_1 du In x
X —_ —

- = uddu = x3In xdx,
dx x-(ux™)

3BIIKHM TICHS IHTETPYBAaHHS Ma€EMO

ut  x* 1) C 1Y C
—=—|INx-=|+=— = u=xx-4|Inx-=|+—,
4 4 4) 4 4) x4

ne C — nosinbHa ctajia. [ligcraBusim 3uaiaeHi Gyskiii U(X) 1 v(X) y (4.6), ogepxumo

3araJbHUAN PO3B’sI30K piBHSHHS bepryini (4.29)

1\ C 4 1y C
=4+X-4| Inx—=|+— X =4/ Inx—-= |+ —. 4.31
d \/( 4) x* \/( 4j x* 3
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Buninumo 3 (4.31) yacTUHHUE PO3B’S30K, KWW CIPABIKYE 3aJjaHy MOYATKOBY

ymoBy Y(1)=2. I3 (4.31) npu 3HaueHHsXx X=1, y=2 i3a 3HaKy «+» mepeq KopeHeM

(OCKLIBbKM MOYATKOBE 3HAYEHHS 3MIHHOI y € TOJaTHUM) MA€EMO:

Mykanuii po3B’s30k 3aaaul Komri (4.28) oTpumaeMo, MiICTaBUBIIM 3HaiiieHe

3HaueHHs ctajoi C'y dhopmyiny (4.31) 3a 3HaKY «+» niepes] KOpEeHEM.

BignoBiab. y =4 (In x—1)+E .
4) 4x*

4.3. PiBussausa Pikkari.

O3navenns 4.3. PIBHIHHS BUTIISATY

Y+ p()y +a(x)y* =r(x), (4.32)
ae p(x), q(x), r(x) —3amani HenepepBHi QYHKIIIT, HA3UBAETHCA pisnannam Pikkami.
Jlerko 6auuth, mo y Bumaaky q(X)=0 [P (4.32) € niHiiHUM HEOTHOPITHUM, a Y

Bunaaky r(X)=0 — piBusuasM beprymti npu o =2. Hagani 6yaemo BBaxatw, 1o B

(4.32) r(x)q(x)=0.

3aranom piBHsSHHS Pikkati Burisgy (4.32) He IHTETpyeThCcs B KBajapaTypax.
OnHak SKIO BIAOMHUH JESKHM YAaCTUHHUH PO3B’S30K IIHOTO PIBHSHHS, TO PIBHSIHHS
Pikkati 3BomUTBCA 10 piBHSHHS bepHymi, 1 TaKUM YMHOM MOXE OyTH PO3B’si3aHE B
KBaJIpaTypax.

Cnpasmi, Hexaii Y;(X) — meskuii yactuHHHMi po3s’s3ok JIP (4.32). Beememo

ITiJICTAHOBKY

y=y1(x) +2(x), (4.33)
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ne z(X) — HoBa HeBimoma ¢ynkiis. Toxi 3 (4.32) Mmaemo:

Vi +2'+ p(x)(yy +2) + a(X)(yy +2)* =r(x),

a0o MicJs NeperpymnyBaHHs 104aHKIB

2’ +{p(X) +20() Y1}z +a(x)2° +[y; + p(X)yy +A() YL —r()]=0.  (4.34)

Ockinbku Yy (X) € po3s’si3kom JIP (4.32), To BUpa3 y KBapaTHUX TyXKKaX y JiBiif
yacTuHI piBHOCTI (4.34) OoueBHAHO O0EpPTAETHCA B HYJb, TOOTO JJisi HOBO1 HEB1IOMOI

Gynkuii z(X) orpumyemo piBHsHHS bepHysti mpu o =2

2’ +{p(x) + 2q(X) y; }z =—q(x)z°.

3iHTEerpyBaBIIM OCTAHHE PIBHAHHS OJHHUM 13 HABEJEHUX BHILE METO/IIB, 1 MiJCTa-

BUBIIM 3HaWACHHUI po3B’ 130K Z(X) y (4.33), 0J1epKUMO 3arajlbHUN PO3B’ 30K PIBHIHHS
Pikkari (4.32).
[TiniOpaT YaCTUHHHMM PO3B’S30K piBHAHHS PiKkari 3arajoMm JIOCHUTH CKJIQIHO.
OnnHak 1HOA1 OO BIAETHCS BU3HAYMTH, BUXOASYH 3 BUTJISY BUIBHOTO WICHA PIBHSIHHS
: ' 2 _ 2 c ey .
r(x). Hampuknan, mns piBHSHHA Y +Y° =X —2X y nmiBiii yacTuHi OyayTh WICHH,
HOIIOHI 10 JOMaHKIB IMPaBOi YaCTHHH, SAKINO MHOKIacTh Y =aX+b. Iligcrasnsioun B

PIBHSHHS 1 IPHUPIBHIOIOYH KOEPII[IEHTH MPH MOIIOHUX 4YiIeHax, 3Haxoaumo a i b (skmro

TUTbKM YAaCTHHHHM PO3B’S30K TAKOT'O BHUTJIANY ICHYE, 10 OyBae 30BCIM HE 3aBXKIH).

[HIMH TpUKIaa: I piBHAHHS Y + 2y2 =6X% Taki X MIpKYBaHHS CIIOHYKAlOTh HAac

ITyKaTH YaCTHHHUI PO3B’S30K y BUTIISIAL Y = ax*. [igcraBuBum y = ax ! y PIBHSHHS,

3HaXO0AMMO 3HAYCHHA CTallol a.

[Ipukian 4.5. 3iHTerpyBaTy piBHSIHHS, MOMEPEIHBO 3BIBIINM WOTO IO JIHIHHOTO

JIP mepiioro nopsaky:

2sin x

cos? x

y' +y?sinx = (4.35)
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Po3ze’azanna. JIP (4.35) e piBHaHHAM PikkaTi, sike MO>XKHa 3B€CTH J10 pIBHSIHHSA bep-
HYyJUTl, a Jaiai ¥ 1o miHiHoro JIP, sikiio BimoMuil Jeskui MOro 4YaCTUHHUM PO3B’S30K
Yy, (X). Bauumo, 110 B JiBiif YyacTHHI piBHOCTI (4.35) OTPUMYIOTBCS HOAaHKH, MOMIOHI 710

BUIBHOTO WJIE€HA y MPaBiil YaCTHHI, SKILO NOKIACTH

asin x
cos? X

a ,
Vi(X)=—— = yi(X)=
COSX

e a — CTaja, 3HAYCHHS SIKOT BU3HAYaeMO 0€3M0CepeIHBOI0 MiJICTaHOBKO B (4.35):

asinx a? . 2sin x )
s+t ——SNX=——— = a+a =2.
cos’X  COS? X cos? X

OcraHHsI pIBHICTh BUKOHYEThbCS mpu a=1 abo a=-2. Omxe, 3a YaCTUHHUI

pO3B’s130K piBHSAHHS Pikkati (4.35) MOXHa B34TH PYHKIIIFO

1
y1(¥)=—-. (4.36)
COSX
Bsenemo l'IiI[CTaHOBKy
1
y=Y1(x)+z(x)=——+12(x), (4.37)
COSX

ne z(X) — noBa HeBimoma ¢yukiis. Toxi 3 (4.35) maemo:

. 2 .
sin X , 1 i 2sIn X
+2'+| ——+12| -sinx= :

cos? X COSX cos? X

3BIIKM MICJIS CIPOIICHHS JJIsi HOBOT HeBigoMol (GyHKIIT Z(X) OTPUMYEMO PIBHSHHS

bepuymni npu o =2

2sin X
COSX

7'+ z=-2%sinx. (4.38)

3ayBaxkumo, 1o BuBeaeHe /[P (4.38) mae tpuBiansHuii po3s’s3ok Z =0, ogHak s
piBHsiHHS PikkaTi (4.35) BiH He J1a€ HOBOT'O PO3B’SI3KY, OCKUIbKY 3T1IHO 3 (4.37) y 1poMy

BUTIAJKY OTPUMYEMO BXKE BIIOMUN YaCTUHHUH pO3B’s30K (4.36).
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Ocku1bKH B 3aBAaHH1 BUMaraeTbes nomnepeanbo 3sectu JIP (4.35) no niHiitHOTO, TO
IUIsL IHTEerpyBaHHS pPIBHSAHHA bepHymmn (4.4) cKOpUCTaEMOCS METOJIOM 3BEIECHHS 10

JIHIAHOTO PIBHSAHHA, NpoittocTpoBanuM y Ilpuknani 4.3.
[Toainumo niBy 1 mpaBy YacTUHU piBHOCTI (4.38) Ha 22, BBaxatoun Z# 0

727+ 20X 1 inx. (4.39)
COSX

Brenemo nigcTaHOBKY

oX)=z7 = o=-17% = 1% =-0.

Toni 3 (4.39) onepkuMo pIBHSIHHS

,  2sinXx :
-+ ®=-SinX,
COSX
abo
2sin X :
o' — ®=SIinX. (4.40)
COSX

PiBusiuus (4.40) € JIHJAP BigHocHO HeBimomol ¢yHkIii ®(X). 3HaiigemMo ioro
PO3B’SI30K 13 3aCTOCYBAaHHSAM METOAY Bapialii ctanoi (Jlarpanxa), mpouTFOCTPOBAaHOMY B
[Mpuxmagax 4.1 ta 4.3. CoyaTKy IIyKaeMo 3arajibHHM pO3B’ 30K BiamoBigHOro 10 (4.40)

OJIHOPIJTHOTO PIBHSIHHS:

QQ_Zanm_O dw _ 2sin xdx
dx cosx ® COSX
3BIOKH
W30, = Certgxdx = Ccos%x, C = const. (4.41)

3araapHUI PO3B’ 30K HEOAHOPIMHOTO piBHIHHS (4.40) OymeMo IIyKaTu y BUTIISL

(4.41), BBaxatoun crany C QyHKIIIEIO HE3alIeKHOT 3MIHHOT X'

w = C(x)cos 2x. (4.42)
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Oyukmiro C(X) 3HaiaeMo 6e3MmocepeIHBOI0 MiCTaHOBKOM (4.42) v (4.40):
C'(x)cos 2x + 2C(x)cos ™ 3xsinx — 2sinxcos™'x - C(x)cos ?x = sinx,
3BIJIKH

cos3x ic
3 b

C'(x) = sinxcos’x = C(x) = —

ne C; — noBinbHa crana. [ligcraBuBiim 3HanaeHuii Bupas s C(X) y (4.42), ogepxumMo

3aranpHuid po3B’s30k JIH/IP nepioro nmopsiaky (4.40)

cos3x _, C—cos’x
w=|- 3 + C; | - cos x=m. (4.43)

1

ne C=3C,;. Ockinbku ®w=2 ", 10 3 (4.43) oep>XKUMO 3araJibHUN PO3B’SI30K PIBHSIHHS

bepnysti (4.38)

1 3cos’x
= Q) = —3 ,
C —cos ' x

a Toai 3rimHO 3 (4.37) 3arajgbHMil po3B’s30K piBHAHHA Pikkari (4.35) 3amuimerscs y

BUTJISA1

2 3
y = 3005;( N 1 _ C+2cos>; | (4.44)
C—-cos’x Cosx cosx(C —cos”x)

3ayBaxxumo, 110 npu 3HadeHHl C = 0 13 (4.44) oTpUMy€eEMO YaCTUHHUN PO3B’SI30K
: 2
piBHsiHHS (4.35) Y, (X) =——— y Bunaaky a=—2. OqHaKk 4aCTUHHUHN PO3B’s30K (4.36)
0SX

HE 0JIepXKy€eThes 3 (4.44) ipu k0THOMY 3Ha4eHHI cTasioi C, TOMY B OCTaTOYHIN BiITOBiAl

HOTO CIIi] 10/IaTH OKPEMO.

2c0s° X
Bionosion, y = — =+ 2€0S — yo—t
cosx(C —cos’ x) COSX
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Ipukaan 4.6. 3iHTErpyBaTH PIBHAHHSA, MONEPEAHBO 3BIBIIM HOr0 10 JIHIHHOTO

JIP mepiioro nopsiaky, 1 3HaWTH HOro 1HTETrpaibHy KPUBY, IO MPOXOAHUTH YEPE3 TOUKY

M (L)
xy' —xy? —(2x% +1)y - x> =0.
Po3eé’azanna. 3anaune 1P (4.11) € piBHsHHAM Pikkati
y —(2x+x Dy —y?=x?, (4.45)

SIK€ MOJKHA 3BECTH 110 piBHsSHHS bepHysii, a mami i go niniHoro [P, sikmo Bimomuii

JesKuil HOoro YacTHHHUI po3B’s30K Y (X). bauumo, 1o B JiBiit yacTuHi piBHOCTI (4.45)

OTPUMYIOTHCS JIOJAAHKH, MOIOHI O BIILHOTO WieHa (TOOTO MHOTOWICHH CTETICHS HE

BUIIIOTO 32 APYTHil), SKIIO MOKJIACTH
y(x)=ax+b = y(x)=a,
ne a, b — crani, 3HaYeHHA IKMX BU3HAYAEMO 0e3MmocepeTHbOIO MiICTAHOBKOIO B (4.45):
a—(2x+ x ) (ax +b) - (ax + b)? = x?,
a00 MiCIIs CIIPOIIEHHS
(@a+12%x% +2b(a+1)x+b%+bx1=0.

OcTaHH4 piBHICTH BUKOHVETHCS pu a=—1, b=0. OTxe, 3a 4yaCTUHHUN PO3B’4-
p y p , , p

30K piBHSHHS PikkaTi (4.45) MOkHA B3ATH (PYHKITiFO
y1(X) =—x. (4.46)
BBenemo migcTaHOBKY
Y =VY;(X) + z(X) =—x+ z(X), (4.47)

ne z(x) — noBa HeBigoMma ¢yukiis. Tomi 3 (4.45) maemo:
, 1 2 .2
2'-1—-|{2X+=|{(z=Xx)—(z=x)“ =x",
X
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3BIIKM MICJIS CIPOUICHHS JJIsl HOBOT HeBigoMoi QyHKIIi Z(X) OTPUMYEMO PIBHSHHS

bepuymni npu o =2
7 _t_g2 (4.48)

3ayBaxkumo, 1m0 BuBeneHe [P mae TpuBianmbHuil po3B’sizok Z =0, ogHak s
piBHsiHHS PikkaTi (4.45) BiH HE J1a€ HOBOT'O PO3B’SI3KY, OCKUIBKHU 3T1IHO 3 (4.47) y IbOMY

BUIIAJIKy OTPUMYEMO BKE€ BIIOMUM YaCTUHHUHN PO3B’ 30K (4.46).

OckUIbKH B 3aBAaHH1 BUMAaraeThbes nomnepeanbo 3sect [P (4.45) no nixiitHOTO, TO
JUIsl IHTerpyBaHHs piBHSAHHS bepuymi (4.48) ckopucTtaeMocsi METOJIOM, IPOLIIOCTPO-

BaHuM y [lpuxnani 4.3.
[ToninmuMmo niBy 1 MpaBy 4acTUHU PiBHOCTI (4.48) Ha z%, BBakaroun z #0:
2727 — (xz) ! =1. (4.49)
BBenemo miacTaHOBKY
o(X)=z7 = o=-17% = 1% =-0.
Toni 3 (4.49) onepxuMo pIBHSIHHS
—o —xto=1,

abo
o +2=-1. (4.50)

Piusiaus (4.50) € JIH/IP BimHocHO HeBimomoi ¢yHKil (X). Bymzemo mrykaTtu
HOTO pO3B’SI30K METOIOM TicTaHOBKH (I’ AmambOepa) y BUTIsiA1 JOOYTKY 1BOX (DYyHKITiH
HEe3aJeKHO1 3MIHHOT X

®=U(x)-Vv(x). (4.51)

Onny 3 aBox ¢yukmid U(X), V(X) MokHA BUOpaTH JOBUIBHUM YMHOM, a Ipyra

BHU3HAYMTHCS Ha migcTaBi piBHSHHSA (4.50).
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[Ticns migcranoBku (4.51) y piBasiHHSA (4.50) Maemo:
UV v+ =1
abo

u’v+u{v’+x}:—l. (4.52)
X

bynemo Bumaratu, mo0 y (4.52) koedimieHT npu U(X) mepeTBOPUBCSA HA HYIIb,

ToJii 3a QyHKIiF0 V(X) MOXHa B3ATH OYAb-SIKUI pO3B’ 30K JiHIHOrO ogHOpigHOrO JIP

dv v dv dx
—+—=0 = —=——,
dx x Y] X

dx

Hampukiang, V=e ~ X = X . Toni 3 (4.52) mist Bu3HaveHHs ¢GyHKIT U(X) micTaHEeMO
PIBHSIHHS

du

uxt=-1 —
dx

_X’

3BigKM U= ~0,5%x% + C,, ne C; — noBinbHa crana. [TixcraBuBiim 3HaiaeHi GyHKItii U(X)

i V(X) y (4.51), onepskumo 3araiabauii po3s’s30k JIHJP mepmroro mopsiaky (4.50)

C —x?
2X

w=x1(C,—05x%)= , (4.53)

ne C=2C;. Ockitbku ® = 27, 103 (4.53) onmepkUMO 3arajibHUN PO3B’ 30K PIBHSHHS

bepnysuri (4.48)

a Tomi 3rimHO 3 (4.47) 3aranbHUl po3B’sA30K piBHSAHHA Pikkati (4.45) 3amumeTscs y

BUTJIAIL

61



2X _X_(2—C)x+x3

_ 4.54
C —x? C - x? (4:54)

3ayBakMMO, 110 YaCTUHHUM pPO3B’s30Kk (4.46) He oaepxkyeTbes 3 (4.54) mpu

KOJIHOMY 3Ha4YeHHI1 cTanoi C, TOMYy B OCTaTOYHIN BIIMOBI/II HOTO CIiJ 1OAATH OKPEMO.
Buninumo 3 cim’i kpuBux (4.54), (4.46) Ty iHTErpajibHy KpPUBY, SIKa TMPOXOJUTH
gyepe3 Touky M (L1), To6To cipaBmkye moyatkoBy ymoBy Y(1) =1. Ilpu 3HaueHnsax X =1
, Y=1 (4.46) nae xubHy piBHicTh 1=-1, OTXKe, YaCTMHHUI pO3B’s30K (4.46) He €
IIYKaHOIO IHTEerpaibHOI KpuBo1o. [lincTaBuBIIy Ti % 3HaYeHHS B (4.54), MaeMo:

_2-C+1

= C = 2.
Cc—-1

PiBHsIHHS mIyKaHOT 1HTErpaibHOI KpuBOi (po3B’s3ky 3anaui Komrl) orpumaemo,

3

migcTaBuBiny 3HaueHHs C =2 y Gpopmyiy (4.54). Otxe, Y = 5 -

2—-X
2-C)x+x° .
Bionosios. Yy = ( c ) >~ Y=—X; uepe3 Touky M (1,) mpoxoauTh iHTErpaibHa
—X
¥3
KpHBA, [0 33/1a€ThCS PIBHAHHAM Y = —_—i
—X

4.4, Jlesiki iHIII TUNIM PIBHSIHD MEPIIOT0 MOPSAKY, 10 3BOASITHCA 10 JiHIHUX.

1) Jlesiki piBHSIHHS CTAlOTh JIIHIMHUMH, SKIIO B HAX TOMIHSATH MICISIMU IIIyKaHY
byHKLiO Ta HesanekHy 3minny. Hanpuknan, JIP Y= (2x+ y°)y', y skomy ¥ € QyHK-
wi€ro Bix X, He € JiHiiHMM. 3anmmmemo ioro B audepenuianax: yox — (2x + y*)dy =0.
OcCKUThKHY B 1€ PIBHSHHS X 1 dX BXOJATH JIHIHHO, TO PIBHSIHHS OyJe JIHIHHUM, SKIIO X

BBXKATH ITyKaHOIO (PYHKITI€IO, @ y — HE3aJIEKHOI 3MiHHOMW. [le piBHSHHS MOXke OyTH

3amycaHe y BUTJISII

dx 2 2
X
dy 'y
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1 po3B’s13yeThest ananoriyno ao P (4.1).

3arajgoMm A0 Takoro Tumy Hanexars [IP, fki momaroTbcd y BUIIIAIL JIIHIMHOTO

HEOJHOPIAHOrO PIBHIHHS

dx
gy POX=d(), (4.55)
y
a6o piBHsAHHA bepnymmi
dx o
—+ p(y)x=0a(y)x”, aeR\{0;I} (4.56)

dy

BijiHOCHO HeBimomoi ¢yHkmii X(Yy). AP (4.55) 1 (4.56) iHTErpyrOThCS aHAJIOTIYHO [0
piBHsHB (4.1) 1 (4.15) BiAMOBITHO, SIKIIO BBa)KaTh X IIyKaHOK (YHKIlIEO, a y —

HE3aJIeKHOI0 3MIHHOIO.
2) PiBHSIHHS BUTJIS LY
F'(y)-y'+p()fly)=a(x), y=y(x), (4.57)

ne f — nmesika QyHKIS 3a1€KHOT 3MIHHOI ), 3BOAMTHCS 0 JIHIHHOIO OYEBHIHOIO ITijI-

CTaHOBKOIO
z(x)=1f(y) = 7'=1(y)-y,
micis AKoi a1t HoBoi HeBimomoi ¢yHKIi z(X) oxepxkumo JIHJIP Burmsmy (1.1)
'+ p(x)2=0q(x).

Yactuaanm BunagkoM JP tumy (4.57) € piBasaas bepuymi (4.15): #oro moxxHa

po3rIsaaTy K JiHiiHe BimHocHO QyHkii f(y)= yre,
Ho piBHsHDb THITY (4.57) HanexxuTh Takox [P Burmsmay
y' + p(x)=q(x)e*, a=const=0,

SKe 3BOAUTHCS [0 JHIHHOTO MIIAXOM JOMHOXeHHS Ha BennunHy f(y)=-oe™* i BBe-

nennst migcraHoBku Z(X)=e ¥, z'=—ae ™. y'. Maewmo:
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—ae ¥y —apX)e” =-aq(x) = z'—ap(x)z=-aq(x).
Ocranne piBasHas € JIHJIP BiqHOCHO HOBOT HeBimomoi ¢yHKil z(X).
3) PiBHAHHS BUITIAAY
M (X, y)dx+ N(x, y)dy + R(X, y)(xdy — ydx) =0, (4.58)

ne M, N 1 R ognopiani ¢pynxuii, npuaomy M 1 N — ogHakoBoro BuMmipy p, R — iHmoro

BUMIpY K, Ha3uBaeThcs pienusannam Minoinra-/lapoy. TlokaxeMo, 0 3aMiHOO
y=xz, dy=xdz+ zdx (4.59)

piBHsiHHS Minpainra-/lapOy 3BoauThCS 0 pIBHSHHA bepHymI 3 MIyKaHOH (YHKIIIEO

X(2).
[MincraBumo (4.59) y (4.58):
M (x,xz)dx + N (X, xz)(xdz + zdx) + R(x, xz)(x[xdz + zdx] — xzdx) =0,
a00 MicCJIs CIIPOIIEHHS 1 BpaXyBaHHs BUMIpHOCTI ogHOpinHuX GyHkIid M, N1 R
xPM (L, z)dx + XN (1, z)(xdz + zdx) + x¥R(L, z) - x?dz =0,
3BIIKU

dx _ N(Lz)-x+R@Lz) - x**P

= (4.60)
dz M(,2z)+zN(1,2)

Skmo k=p—1, to JIP (4.60) € niHIHHAM OTHOPIIHUM 1 IHTEIPYETHCS IUITXOM
BifokpemiieHHsI 3MiHHUX. Skimo K= p—2, to JIP (4.60) € niHiiHUM HEOAHOPITHUM i

IHTETPYEThCSI ONMMCAHMMM BHIe Meromamu Jlarpamka abo [[’Amambepa. B iHmumx
Burnagkax JIP (4.60) € piBHsHHAM beprymti, 1 iHTErpyeTbcs NIISTXOM 3BEACHHS 0

JTHIHHOTO PIBHSHHS a00 METOAOM miacTaHoBKU X(Z) =Uu(z)-v(z).
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8 5 PiBHsSIHHSI B MOBHHUX JH(epeHITiaiax Ta 3BiIHi 10 HUX
5.1. PiBHsiHHs B noBHUX audepenuianax. Ymosa Eiuepa.
Osnauenns 5.1. /ludepenuiansue piBHsHHA ([IP) Burmsny

M (x,y)dx+ N(x,y)dy=0, (5.1)

ne M 1 N — 3agani HenepepBHi (YHKIII CBOiX apryMEHTIB, Ha3UBAETHCS PIGHAHHAM Y
nosenux ougpepenyianax (PI1[I), sikuo ioro jiBa yacTMHA € MOBHUM JH(depeHLianom

nesikol pyukmii f(X,y). Y takomy Bunaaxy /1P (5.1) momaeTsest y BUTIISAI
df (x,y) =0,
a 0TXe, oro 3araJibHUi 1HTErpall BU3HAYAE€THCS PIBHICTIO
f(x,y)=C. (5.2)

Teopema 5.1 (ymosa Einepa). s toro, mo6 JIP (5.1) Oyio piBHAHHSAM Y TOB-

HUX audepeHiianax, HeoOXiIHO 1 JOCUTh BUKOHAHHS ymoeu Eitnepa

oM N

N o (5.3)

Hogedenna. Hexait JIP (5.1) € piBHSHHAM y nOBHHX audepeniianax. Tosai BoHO

MOJAETHCS Y BUTITISAI
of of
df (x,y)=—dx+—dy=0. 5.4
()= dxe 2 dy (5.4

[TopiBHtot0uM (5.4) 13 (5.1), oTpMy€EMO PIBHOCTI

of of
&_M(x,y), 5_N(x,y). (5.5)

Cuctema (5.5) Mae po3B’S30K 3a BUKOHAHHSI YMOBU
2(@] _ofa
oylox) oxloy)

65



OCKUIbKU JJI1 HenepepBHOI (yHKLII NUIAX OOYMCIEHHS MIIIAHOI MOXIAHOI HE 3MIHIOE
pesynbrary. [1igcTaBUBIIN B OCTaHHIO PIBHICTh 3HAUEHHS YACTMHHMX MOX1AHMX 13 (5.5),
onepxkumo ymoBy Eitepa (5.3).

Hexaii Teniep Bukonyethcst ymoBa Eitnepa (5.3). Ilokaxemo, mo toxi (5.1) € PII/,
T00TO icHye Taka (ynkuis f(X,y), moBHUM nudepeHiaioM sKoi € JiBa YacTUHA
piBHOCTI (5.1). [Ipumyctumo, 1o Taka QyHKIIis ICHY€E, TO/1 BOHA € PO3B’A3KOM CHCTEMHU

(5.5). [ToOymyemo 11e#i po3B’S30K.

I3 mepiroro piBHsAHHSA cucteMH (5.5) Maemo:

%:M(x,y) = f(xy)=[Mty)dt+e(y) = %=IM;(t,y)dt+cp’(y),

Xo Xo
ne Xp — JOBUIbHA cTayia 3 00JacTi BU3HAYCHOCTI MmiJiHTerpainbHol QyHKuii, a ¢(y) —
JOBUIbHA (DYHKITISI 3MIHHOT V.

3acTocyBaBIly B OCTaHHi# piBHOCTI yMOBY Efinepa (5.3), onepxumo

%: [N (6 y)dt+@'(y) = N(X, ) — N(Xo, ) + @/(¥).

Xo
Toxi Ha migcTaBi APYroro 3 piBHIHL cucteMu (5.5)

%:N(x,y) = NXY)=NX,Y)+o'(Y)=NXY) = o'(y)=N(x,Y),

3BIIKHU

y
o(y) = [N(xp,)dt+Cy,
Yo

ne C; — noBinbHA cTaNa, Yo — AesKe 3HaYCHHs 3 00J1acTi BA3HAYCHOCTI MiIIHTETpaTbHOT

¢yuxkiii. Omxe, mykana Gyukiis f(X,y) icHye i maetscst popmyioro

X y
f(x,y)= [M(t y)dt+ [N(x,t)dt+Cy,
Xo Yo
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a e o3Hauae, o P (5.1) € piBHAHHAM y TOBHUX JU(]epeHLianax. |

3ayBakUMO, 110 JOBEJCHHS TEOPEMH Ja€ OJHOYACHO CTOCi0 MOOYI0BU 3arajibHOTO

inTerpana (5.2) PITJI (5.1). [lincraBuBiiwm 3Haiineny ¢pyskmiro f (X, y) B (5.2) i nokiaBmm
s BusHaueHocTi C; =0 — 1e He 3MiHIOE 3arajbHOCTI PE3yNbTaTy, OCKIIBKUA PiBHICTH

(5.1) yxe MICTUTh IOBUIBHY CTally, — OTpuMaeMo 3aranpHuii iHTerpan PITJL (5.1) y

BUTIAI1
X y
[M(t, y)dt+ [N(xo,t)dt=C.
Xp Yo

3aysancenns. lnoni AP, mo He € piBHIHHSAMHU B NOBHUX AU(EpPEHIIiaiaX, BIA€ThCA
3IHTETpYyBaTH, BUIUIMBIIM TMOBHI audepeHiiaid 3 4YacTUHU noaaHkiB. Lle 3okxpema

crocyeThbest [P, siki MICTATH BUpa3H

xdy + ydx=d(xy), xdy — ydx = xzd(l) = —yzd(ﬁJ
X y

TOLIO. POSB’}ISYBaHH}I TaKHuX piBH}IHB 9aCTO MOXHA 3HAYHO CIIPOCTHUTHU IIJISIXOM BBC-

JIEHHS BIAIIOBIIHUX IM1ICTAHOBOK.

Ilpukaan 5.1. Tepeiputu, un € 3amane /AP piBHIHHSAM y MOBHUX audepeHili-

anax, 1 3HalUTH HOTO PO3B’SI30K:
1+ y?sin 2x)dx — 2ycos? xdy =0. (5.6)

Pos3é’azanna. llepesipumo, uu € 3agane /[P piBHIHHSIM y HOBHUX OUdeEpEHIIanax
9

T0OTO 4un BUKOHYEThCs ymMoBa Eitnepa (5.3). [lopiBHiotoun 3 (5.1), maemo:

M(X,y)=1+y?sin2x = %:Zysin 2X;

N(x,y)=—-2ycos’x = (Z—N =4ycosxsin x=2ysin 2x.
X
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%vl:a—N, a omxke, (5.6) € PII/JI. lns moOynoBu HOro 3arajibHOrO pO3B’A3KY

Burisiny (5.2) norpiOno 3Haiitn pynkuito f(X,Y), MOBHUM qudepeHIriaaoM sKoi € JiBa
yacTuHa piBHOCTI (5.6). BoHa BU3HauaeThCcsi 3 CUCTEMHU PIBHSAHB (5.5), sika y HaloMy

BUIIAAKY Ma€ BUTTIAA

G y?sin2x, q:—2ycoszx. (5.7)
ox oy

[aTerpyroun nepie 3 piBHIHb cucTeMu (5.7) 3a 3MIHHOIO X, MAEMO:

y?% c0S2X

>t o(y), (5.8)

G yZsin2x = f(x,y)=x-
OX

ne ¢(y) — HeBimoMa (GYHKIliS 3MIHHOI Y, Ky BU3HAYAEMO TIICTaHOBKOIO (5.8) y apyre
piBHsAHHS cuctemu (5.7). TakuM YMHOM, 3 ypaxXyBaHHSM TPUTOHOMETPUYHOI TOTOXK-HOCTI

2c0s% X =1+ CcOS2X , OJICPIKUMO:
81: ’ 2 !
5E—yc032x+q>(y)=—2ycos X = ¢(y)=-vy.

OckinbkH 3arajabHui iHTETpal (5.2) yKe MICTUTh JOBUILHY CTaly, TO HaM JOCUTh
3HAWTH YaCTUHHHHU PO3B’SI30K OTPUMAHOTO PIBHSHHA. I[HTErpyBaHHSIM 1 HACTYITHOIO

mizctaHoBKOIO 3HaiaeHoi GyHkiil @(Y) B (5.8) BusHauaemo

2 2 2
(P(Y)=—y7 = f(X,Y)=X—%OSZX—y7=X—y2coszx.

Toni 3rigHo 3 (5.2) 3aransuuit inTerpan PII/ (5.6) 3anummeTses y BUTISAL
x? — y%cos?x = C.
Bionosios. x* — y*cos?x = C.

[pukaan 5.2. Ilepesiputh, un € 3amane /P piBHsSHHAM y moBHUX nudepeHili-

anax, i 3HalTH HOro po3B’sA30K, 10 MPOXoaAuTh uepe3 Touky M (0,1):
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(2xyex2+ In y)dx+[ex2+§de:0. (5.9)
y

Po3é¢’azanna. llepeBipumo, un € 3agane [P piBHAHHAM y NOBHUX AH(EpeHIianax,

TOOTO uu BUKOHY€EThCsl ymMoBa Eitnepa (5.3). [lopiBHiorouu 3 (5.1), Maemo:

M(x,y):2xyexz+lny = %:erxz+l;

y
N(x,y)=e* +2 = N _oyer® s 1,
y
oM ON . ,
Eza—, a orxe, (5.9) € PIIJ. Jns moOyaoBu #oro 3arajibHOTO PO3B’A3KY
X

BUrIsIAY (5.2) notpibHo 3HaiTh ¢yukiiro f(X,Yy), noBHUM audepeHiiagom sKoi € jiBa
gactuHa piBHOCTI (5.9). BoHa BU3HauaeThCcs 3 CUCTEMU PIBHSHB (5.4), sSika y HaIIOMY

BUIIAJIKY Ma€ BUTJIAI

2

@:nyexzﬂny, x_o® X (5.10)
OX oy y

[aTerpyroun npyre 3 piBHsSHL cuctemu (5.10) 3a 3MIHHOIO y 3 ypaxyBaHHAM

BuzHadyeHocTi JIP (5.9) mpu y >0, maemo:

q:e"2+§ = f(x,y):ye"2+xln y +o(X), (5.11)
y

oy

ne ¢(x) — HeBimoMa (QYHKIIiS 3MIHHOT X, Ky BU3HAYA€EMO TiicTaHOBKOIO (5.11) y mepie

piBHsaHHS cuctemH (5.10). Takum 4HHOM OZEPKUMO:

af X2 ’ X2 4
&EZX)/E +Ihy+o'(X)=2xye™ +Iny = o'(x)=0.

Ockinbky 3aranbHUN iHTETpaN (5.2) y’KEe MICTUTh TOBUTHHY CTaly, TO HAaM JIOCUTh

3HANUTH YACTHHHHUH PO3B’SI30K OTPUMAHOTO PiBHsHHS, Hanpukian, @(X)=0. ITixctanos-

ko010 B (5.11) BuzHauaemo
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f(x,y)= ye"2 +xIny.
Toni 3rigno 3 (5.2) 3aransHuii iHTerpan PITJ] (5.6) 3anuierbest y BUTIIAI1
2
ye* +xlny=C. (5.12)

Buninmumo 3 cim’i kpuBux (5.12) Ty 1HTErpajibHy KpHUBY, sKa MPOXOAUTH 4Yepe3
touky M (0,1), Too6T0 cnpaBmkye modatkoBy ymoBy Y(0)=1. Ilpu 3uauenusx X=0,

y=1 13 (5.12) maemo:
1.¢°+0-In1=C = C=1.
PiBHsIHHSL 1IyKaHOT 1HTErpaiabHOI KpUBOi (po3B’s3ky 3anaui Komrl) orpumaemo,
migcraBuBiy 3HadeHHs C =1y piBHicTs (5.12). OTxe, yex2 +XIny=1.
Bionogioe. yex2 +XIny=1.

Ilpukian 5.3. Po3B’s3aTu piBHSHHS MUIIXOM BUIUICHHS MOBHUX TU(]eEpeHITianiB:

y(x + y2)dx + x?(y —1)dy =0. (5.13)
Po3zé’azanna. 3ayBaxumo, mo (5.13) He € pIBHSHHAM y MOBHUX audepeHiiianax, oc-

KUTBKH JUIS HBOTO HE BHKOHYeThCs ymoBa Eiinepa: %[y(x+ y2)]¢§[x2(y—l)].
X

[Tomamo (5.13) y Burmasai
y3dx + x2ydy + x(ydx — xdy) =0. (5.14)

Lle piBusinaa Minpainra-JlapOy, sike 3arajoM 3BOAMTHCS 110 PiBHSHHS bepHyii

MiACTaHOBKOIO Y = XZ. OmHak crenudiyHuil BUTIISA PIBHAHB TAKOT'O THITY JIYXKE 9acTO

A0ITyCKae€ iHTeFPYBaHHH HpOCTiI_HI/IMI/I MCTOAaMH, 30KpEMa HIJIAXOM BI/II[iJ'IeHHH IIOBHUX

nudepeHIiaiiB 31 3rpyMOBaHUX MTEBHAUM YAHOM JI0JIaHKIB.

3acTocyeMo 1ei meto 10 piBHsAHHS (5.14). 106 oTpuMatu noBH1 qudepeHiianu

3 MepIIoi Ta APYyroi nap JA0JaHKIB, HOJILIUMO PIBHICTS (5.14) Ha G y3 , BBakaroun Xy # 0
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[mpuHarigHo 3ayBaxkumo, mo GyHkmii X=0 ta Yy =0 € po3s’szkamu [P (5.13), Tomy ix

CJIJT BpaXOBYBAaTH B OCTAaTOYHIN BiAnosiai]. Maemo:

dx _QXA_ydx——xdy__o

x2 y? xy*

OctaHHIO PIBHICTh MOKHA TOJIATH 3 BUAUICHUMHU TOBHUMU AU epeHIiaiaMu:

X y) XY \Yy

BreneMo noBiliHY MiJICTAHOBKY

polplox+y o X (5.16)
X Xy
3B1acH
v+1 v+1
X=— , =—,
u uv
a oTke, piBHICTH (5.15) yepe3 HOBI 3MiHHI U, V 3aMIUIIETHCS Y BUTTISII
u?v
—du+ ;dv=0. (5.17)
(v+1)
PiBusiaas (5.17) IHTETPYETHCS MIJISIXOM BITOKPEMIICHHS 3MIHHUX:
u?v du  vdv
du= > dv = — = PPN
(V+1) us (v+1)
3BIJKH
C—E:mﬂv+1h_i—, (5.18)
u v+1

ne C — noBiTbHA cTaja. 3ayBaKMMO, IO HA IbOMY KPOIIil IHTETPYBaHHS CIIiJl BpaxXyBaTH

Ie OJWH BTpadeHui po3B’s30k JIP (5.13)
v+1=0 = y=-X.
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3aranpHuii iHTerpan piBHsAHHS (5.13) oxepxyemo micist migctaHoBKH B (5.18)

3Ha4YeHb 3MIHHUX U, V i3 (5.16):

C—— —nxy 1+ ——,
X+Yy Xy ~+1

a00 Micis COpOLICHHS

X4y, YA+ o (5.19)

In
y | x4y

[lopiBHIOIOUM TpU BTpau€Hi B MPOLECI IHTETpyBaHHS po3B’si3ku 3 (5.19), podbumo
BUCHOBOK, 1110 Y =0 Ta Y =—X He 0JepKyIOTbhCA 3 3arajibHOr0 iHTerpaia, 3are npu X =0
JiBa yacTuHa piBHOCTI (5.19) mae crtanmy BenMuMHy, a OTKe, 1I€i PO3B’A30K BXO-AUTH Y
CIM’10 IHTETpaIbHUX KPUBHUX, TOMY B OCTATOYHIM B1MOBI/1 HOTO HE MOTPIOHO BKA3yBaTH

OKPEMO.

X + y|+ YA+%) _

Bionoeios. In
y | x+y

, y=0, y=—x.

5.2. InTerpyBajibHUii MHOKHUK. TeopemMu npo iCHyBaHHSI iHTerpyBaJIbHOTO
MHozkHuKA. [Tpunmyctumo, mo P (5.1) ve € PIIJI, To6TO 111 HBOTrO HE BUKOHYETHCS

ymoBa Eitnepa (5.3).

Osunauenns 5.2. Inmezpysanvnum mnoxcuuxom s JIP (5.1) HazuBaeTbes Taka

yukiia w(X,Y), mcas ToMHOXKEHHS Ha sKy JiBa yactura /[P (5.1) crae noBHuM aude-

peHItianoM, ToOTO I PiBHSAHHS
(uM)dx + (uN)dy =0
BUKOHY€ThCS ymMoBa Einepa:

o(uM) _ o(uN)
oy ox

3 0CTaHHBOI PIBHOCTI MAEMO:
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M N ou_you
oy ox ox oy

abo

alnp_Mﬁlnu_ﬁM _ON
OX &y oy x|

N (5.20)

Takum uyuHOM, OYyIb-KHi pO3B’s130K (X,Y) IudeEpeHIiabHOrO PIBHSHHS 3

yactuaHuMU noxigaumu (JIPYIT) (5.20) € inTerpyBaibHuM MHOXKHUKOM 11t JIP (5.1).

[IpakTHyHU IHTEpPEC CTAHOBISATH BUIAJKH, KOJMU IHTETPYBAJIbHUM MHOKHUK €

dyHkiiero ogHoro aprymenta: p=pu(X), u=u(y) ado pn=p(w), 1e o=w(X,Yy).

Teopema 5.2 (icuyeanns inmezpysanvnozo muoxcnuxa W1(X)). s Toro, mo0
s JIP (5.1) icHyBaB iHTerpyBajbHHNA MHOXHHK L = l(X), HEOOXiTHO i JOCUTH BUKO-

HaHHS YMOBH

oM _oN
dy Ox

= o) (5.21)

Hosedenns. Hexaii miis JIP (5.1) icaye inTerpyBanbuuii MHOXKHUK L= p(X). Tomi

151 GpyHkiis € po3s’s3kom JIPUIT (5.21), sike y Bumaaky = p(X) MoKHA 3aIIUcaTH y

BUTJISAI1
oM _on
p'(x) 0oy  ox
w N

JliBa yacTMHA OCTaHHBOI PIBHOCTI € (YHKIIE€I TUIBKA 3MIHHOI X, TOMY IS
ICHyBaHHS PO3B’s3Ky MpaBa YaCTUHA TaKOK MOBUHHA OyTH (YHKIIIE€IO TUIBKU 3MIHHOI X,
ToOTO Mae BUKOHYBatucs ymoBa (5.21), 60 iHaKie iHTErpyBaIbHUN MHOKHUK 3aJIeKa-

TUME BiJ] IHIIOT 3MIHHOT ) SIK BiJl MapameTpa, 1o CYNepeYuTh MPUTYIICHHIO.

Hexait Tenep BukoHyeTbess ymMoBa (5.21). Toxai ans iHTErpyBaJIbHOTO MHOXHHUKA

u(x) i3 (5.20) ogepxumo 3Bu4aiine JIP
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) _ 00 0).
u

OcTaHHE pIBHSHHS OYEBHIHO MA€ PO3B’SI30K, HAIPUKIIA]

u(x) = el 109 (5.22)

Otxe, mist [IP (5.1) icHye iHTerpyBaabHUII MHOXKHUK (X), SIKUH MOXKHA 3HAWTH

3a hopmyioro (5.22). |

Teopema 5.3 (icnysanns inmezpysanvnozo muoxcnuxa W(y)). Jis toro, mo0b
s JIP (5.1) icHyBaB iHTerpyBasibHUN MHOXKHUK W= W(Y), HEOOXiTHO ¥ JOCUTH BUKO-

HaHHS YMOBH

oM _oN
dy ox
y__M = @,(x) (5.23)

osedenns. Hexaii miis JIP (5.1) icuye inTerpyBanbuuii MHOXKHUK W= p(Y). Tomi
s pyskiisa € po3s’sskom JIPUIT (5.20), sike y Bumaaky p=p(y) MOKHA 3amucaTtd y

BUTJIAIL

oM _ON
w ) _ dy 0x
T -M

JliBa yacTMHa OCTaHHBOI PIBHOCTI € (PYHKIIIEIO TUIBKA 3MIHHOI y, TOMY IS
ICHyBaHHS PO3B’s3Ky MpaBa YaCTUHA TaKOK MOBUHHA OyTH (YHKIIIE€IO TUIBKU 3MIHHOI Y,
TOOTO Mae BUKOHYBatucs ymoBa (5.23), 00 iHaKIIe iHTErpyBaIbHUN MHOKHUK 3aJIeKa-

TUME BiJ] 1HIIOT 3MIHHOT X SIK BiJI IapameTpa, 1o CYNepedyuTh MPUIYIICHHIO.

Hexait Tenep BukoHyeTbes ymoBa (5.23). Toai amns iHTErpyBaabHOTO MHOXKHHKA

u(y) i3 (5.20) ogepxumo 3Buuaiine JIP

w'(y)

=0,(Y)-

OcTtaHHE PIBHSIHHSI OYEBUIHO MA€ PO3B’° A30K, HAIIPUKIIAL
9
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M(y) :eJ.(PZ(y)dy. (524)

Omxe, mist [IP (5.1) icHye iHTerpyBanbHUi MHOXKHUK [(Y), IKAH MOKHA 3HAUTH
|

3a hopmyioro (5.24).

Teopema 5.4 (icnysanns inmezpysanvnozo muoxcnuka (®)). Jus toro, 1mod

st JIP (5.1) icHyBaB iHTerpyBaJIbHUI MHOKHUK W= (®), 16 ® = ®(X, Y), HEOOXiTHO i

HOCUTHb BUKOHAHHS YMOBHU

oM _ ON
d dx
> = 93 (%) (5.25)
Jdw Jdw
NZ=— M7~
dx dy

/losedennsn. Hexait nns JIP (5.1) icHye iHTerpyBanbHUN MHOXHHK L = p(®), 1e
o=0n(X,Y) neska Bimoma QyHKIis 180X 3MiHHUX. Toai p=p(w) € po3s’s3kom JIPUII

(5.20), sixe y bOMY BHIIAJKy MOXHA 3alMCAaTH y BUIJISII

oM _ON
() 09y  ox
woo y9e _ 00
Nax M@y

JliBa yacTWHa OCTaHHBOI PIBHOCTI € (DYHKIII€I0 TUIBKK 3MIHHOI ®, TOMY IS
ICHyBaHHS PO3B’sI3Ky MpaBa YaCTHHA TaKOXK MOBMHHA OYTH (YHKIII€IO TUTHKU 3MIHHOT
, TOOTO Mae BUKOHYBaTHCS yMoBa (5.25), 60 iHaKIIe IHTErpYBAILHUN MHOKHHK 3ajie-

KaTUME BiJ] HIIMX 3MIHHUX X, V K BiJ MapaMeTpiB, M0 CYNEPEUUTh MPUMYIIEHHIO.
Hexait Tenep Bukonyetbes ymoBa (5.25). Toxai ansg iHTErpyBaJlbHOIO MHOXHHUKA

(o) i3 (5.20) ogepxumo 3Buuaiine JIP

11O _ o).
1)

OcTaHHE pIBHSHHS OYEBHIHO MA€ PO3B’SI30K, HATPUKIIA]]

u(w) = el 234 (5.26)
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Omxe, nns JIP (5.1) icHye iHTerpyBaibHHil MHOKHUK W(®), 16 ©=o(X,Y), Skl

MOJKHA 3HaWTH 3a Gpopmyioro (5.26). |

3p0o3yMiJio, o BUMAI0K W= (®) € 3HAYHO CKJIAHIIIMM JIJIS peasi3allii, HbK J1Ba
MOMepeIHl, aJKe TYT JUJIS BIIIIYKAHHS IHTETPYBAIBHOIO MHOKHUKA CHEPILY HEOOXITHO
nigiopaT aprymeHT = m(X,Y), JUI SKOTo CIIpaBIKy€eThes KpuTepii (5.25). Haltontu-
MaJIBHIIIAM € BapiaHT, KoJu miadoopoM ¢yHKIil ®(X,Y) JiBy dacTuHy piBHOCTI (5.25)

BAAETHCA TIICPECTBOPUTH HA CTALY BCIIMUNHY, AJ[7KC TOI[i KpI/ITeplf/i BHUKOHYE€TbBCA aBTOMA-

TUYHO. [Hakme mnpoOyloTh 3aA0BOJBHUTH KpuTepil (5.25), miacTaBisiioud 3aMmicTh
(X, y) mpocTilli apryMeHTH, HanpuKiIaa: X+, x2 +y?, Xy, xy 1 a6o X1y Skmo
JIOMOI'THCSI BUKOHAaHHS YMOBU Teopemu 5.4 TakMM YMHOM HE BJAJOCS, TO JOLLIBHIIIE

IIyKaTH iHII nuisxu interpysanss [P (5.1).

3ayBaXMMO, 1110 IHTErpyBajbHI MHOXHUKHM MOXHA MIAIOpatH 1 JJIs JESKUX

BUBYCHHUX paHilie iHTerpoBHUX TUMIB /[P mepmioro nmopsaky. 3okpema, JJis JIIHIHHOTO

JIP
y'+ p(x)y =q(x)
ICHY€E THTETpYBAIBHUN MHOXHHUK

u(x) =el PO

KWW MOYXKHA OTPUMATH 3 3aCTOCyBaHHsIM Teopemu 5.2.
s JIP 3 BiTOKpEeMITFOBAaHUMHU 3MIHHHUMH
f1(x) f2(y)dx + g1 (x)g2(y)dy =0
ICHY€ OYEeBUIHHI 1HTETPyBATbHII MHOKHUK

1

MY = 600

3BIJIKH BUIUIMBAE: BIIOKPEMJICHHS 3MIHHHUX 3BOJMTHCS 10 JTOMHOXKEHHS Ha JCAKUUN

IHTErpyBaJIbHUM MHOXKHHK. L[f0 BIIAaCTUBICTH MOXHA BUKOPUCTATH MJI1 3HAXOKCHHS
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IHTErpyBaJbHUX MHOXKHUKIB IHIIMX IHTErpoBHUX TuniB J[P mepmoro mopsnaky, mo
3BOASITECS 10 JIP 3 BiAOKpPEMITIOBAHUMHU 3MIHHMMH. 30KpeMa, JJisi HEeJIHIMHOTO OJHO-

PIAHOTO PIBHSIHHS BUTJISILY
M (X, y)dx+ N(x,y)dy=0,

ne M 1 N — ogHopiaH1 (GyHKIIT OJHAKOBOT'O BUMIpPY, IHTEIpyBaJbHUNA MHOKHUK BUpaXKa-

€ThCsl PopMyIior0

1
XM (X, y) + YN(X, y)

u(x,y) =

Ipukaan 5.3. 3HalIOBIIM IHTETpYBAIBHUI MHOXHUK, 3BecTH 3anaHe /[P mo

PIBHSIHHS B MOBHUX Ju(epeHIianax Ta 3IHTerpyBaTH HOro:
(xcosy — ysiny)dy + (xsiny + ycosy)dx=0. (5.27)

Po3é’azanna. llepesipumo, un € 3agane JP piBHSHHAM y MOBHUX nudepeHiianax,

TOOTO Y BUKOHYEThCS yMOBa Eiinepa (5.3). IlopiBHioroun 3 (5.1), maemo:

M(X,y)=Xxsiny+ycosy = %vl:(x +1)cosy —ysiny;

: oN
N(x,y)=xcosy—-ysiny = x =CO0SY.

M
oy

BIJIIITyKaHHS 1HTETPYyBaJbHOTO MHOXKHUKA 13 3aCTOCYBaHHSM HaBEJCHUX BHIIE KpUTE-

# a—N, a omxke, (5.27) ue € PIIJI. CnpoOyeMo 3BECTH MOTO 10 TAKOTO ILISXOM
X

piiB:

oM _ oN 1 i
g A _ (x+ )cosy—ysmy—cosy:1:

N XCOSy — ysiny

¢1(X) . Ham moranaHmno: BAKOHY€EThCSI

Jor(dx _ fdx _

HEPINUi JKe KPUTEPiid, ToMy icHye (X)) =¢ e e,

JIOMHOXXUBIIN PIBHICTH (5.27) Ha 3HANIEHUI IHTErPYBAIbHUN MHOXHUK, MAEMO:
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e*(xcosy — ysin y)dy +e*(xsin y + ycos y)dx =0. (5.28)

3riHO 3 O3HAYCHHSM IHTETpYBaTbHOTO MHOXHHKA JIP (5.28) mMae OyTtu piBHSH-
HSM y oBHUX Audepeniianax. [lepesipumo BukonanHs ymoBu Elinepa, mopiBHIO0OYH 3

(5.1):

M(x,y)=e*(xsiny+ycosy) = %:ex[(x+1)cosy—ysiny];

N(x,y)=e*(xcosy—ysiny) = %—'j:ex[(x+1)cosy—ysiny].

%VI:(Z—N, a orxke, (5.28) cnpasmi € PIIJI. Jlns moOymoBu HOTO 3arajibHOTO
X

po3B’si3ky BUrAy (5.2) morpiouo 3uaiTh ¢Gynkmiro f(X,Yy), noBHUM audepeHiiaiom
SIKOT € JIiBa yacTUHA piBHOCTI (5.28). BoHa BU3HaYaeThCs 3 CUCTEMU PiBHAHB (5.4), sika y

HaI_IIOMy BI/Il'IaI[Ky Ma€ BUTJIA
8f X - af X -
—=e"(XSIny+ycosy), —=e"(Xcosy—ysiny). 5.29
aX(yyy)ay(yyy) (5.29)
[HTEeTpYyrOUM MepIe 3 piBHAHB cUcTeMU (5.29) 32 3MIHHOIO X, MA€EMO:
% =eX(xsiny+ycosy) = f(x,y)=e*[(x=Dsiny+ ycosy]+eo(y), (5.30)

ne ¢(y) — HeBizoma GyHKIIiS 3MIHHOT ), SIKY BU3Ha4aeMO MincTaHoBKoio (5.30) y npyre

piBHsAHHS cuctemH (5.29). Takum YHHOM OJEP>KUMO:
% =eX(xcosy — ysiny) +¢'(y) =e*(xcosy —ysiny) = ¢'(y)=0.

Ockinbku 3aranbHUM iHTETpaN (5.2) y’KE MICTUTh TOBUTHHY CTaly, TO HAaM JIOCUTh

3HAUTHU YaCTUHHUM PO3B’ 30K OTPUMAHOI'O DIBHAHHS, HAITPUKIIAT =0. [Tlincranos-
b 9

k010 B (5.30) Bu3Hauaemo
f(x,y)=e*[(x=1)sin y + ycos y].
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Toni 3rigno 3 (15.2) 3aransHuit interpan PIIJ] 3anumerscs y BUrsai

X

e*[(x=Dsiny+ycosy]=C = (x-1siny+ycosy=Ce™*.

X

Bionogios. (x—1)siny+ycosy=Ce ",

Ipuknan 5.4. 3HalIOBIIM IHTETPYBAJIbHUI MHOXHHK, 3BecTH 3aaane P mo

PIBHAHHS B MOBHUX JudepeHuianax, 1 BU3HAYUTU HOTr0 pPO3B’S30K, SAKUU CIpaBIKYe

no4yatkoBy ymoBy Y(1) =1:
(2xy + y?)dx + (2x% + 3xy)dy =0. (5.31)

Po3é’azanna. llepesipumo, un € 3agane JP piBHSIHHAM y MOBHUX audepeHiianax,

T0OTO 4uu BUKOHY€eThCs ymMoBa Eitnepa (5.3). IlopiBHioroun 3 (5.1), maemo:

M(X,y)=2xy + y*> = %:2x+2y;

N(x,y)=2x%+3xy = (Z—N:4x+3y.
X

M # Z—N, a otxke, (5.31) ne € PIIJI. Cnpobyemo 3BeCTH MOTO IO TAKOTO ILISIXOM
X

oy

BIJIIIIYKaHHS 1HTETPYBaJbHOTO MHOKHUKA 13 3aCTOCYBaHHSM HaBEJACHHUX BHINE KPHUTE-
piiB:

oM _ oN
&y x _2X+2y—(4x+3y) _ 2x+y

N 2x2 + 3xy X(2x +3y)

@)

# ((X). Ha xanb, mepmmii kputepiit

HC BUKOHYETBLCA, TOMY IICPCXOAUMO O0 HepeBipKI/I HAaCTYIITHHX.

oM _ N
P 52X+2y_(4x+3y): 2+ Y —lchz(y). Lleit kputepiii BUKOHY-

Y —@xy+y?)  y@x+y)
d
:eIy =y.

eTbed, oTke, icHye u(y) = ef@z(y)dy

JloMHOXUBIIN PiBHICTH (5.31) Ha 3HaliIeHUI THTErPYBAIbHUN MHOXHUK, MAEMO:
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(2xy? + y3)dx + (2x2y + 3xy?)dy =0. (5.32)

3riiHO 3 O3HAYEHHSM IHTEerpyBajibHOro MHOXKHUKA JIP (5.32) mMae Oytu piBHSH-

HsM y oBHUX Audepennianax. [lepesipumo BukoHanHs ymoBu Elinepa, mopiBHIOOYH 3

(5.1):

M(x y)=2xy* +y> = %:4xy+3y2;

N(x,y) =2x%y +3xy*> = %—2:4xy+3y2.

%VI:(Z—N, orxe, (5.32) copasai € PIIJ. /Ing noOynoBu HOro 3arajlpHOro po3-
X

B’s13Ky BUIIAY (5.2) motpiOHo 3HaiTh GpyHkuio f(X,Y), noBHUM nudepeHIiaioM sikol
€ JiBa yacTuHa piBHOCTI (5.32). BoHa BH3HauaeTbesa 3 cucTeMH piBHAHB (5.4), sika y

HalllOMYy BUIIAJIKY Ma€ BUT T

of 2 3 Of 2 2
— =2Xy°+YyS, —=2X 3 ) 5.33
o 2Ty Y y + 3xy (5.33)

[HTeTpYyrOUN NIpyTre 3 piBHAHBL cucTeMH (5.33) 32 3MIHHOIO Y, MAEMO:
%:2x2y+3xy2 = f(Xy)=x2y? +xy° + ¢(X), (5.34)

ne ¢(X) — HeBimoMma (PyHKIIIS 3MIHHOT X, Ky BU3HA4a€MO IizctaHoBKoro (5.34) y mepiie

piBHsHHS cuctemH (5.33). Takum 4HHOM OJEPKUMO:

? =2xy° +y o' () =2xy* +y® = ¢'(x)=0.
X

Ockinbku 3aranbHUM iHTETpaN (5.2) y’KE MICTUTh TOBUTHHY CTaly, TO HAaM JIOCUTh

3HAWTH YACTHHHHUH PO3B’ 30K OTPUMAHOTO PiBHsHHS, Hanpukian, @(X)=0. ITixctanos-

KO0 B (5.34) BuzHauaemo
f(x,y)=x2y% +xy°.
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Toni 3rigno 3 (5.2) 3aransuuii inTerpan PIIJ] (5.32) 3anumieTscst y BUTISAL
x2y? +xy*=C. (5.35)

Bunimumo 3 (5.35) yacTUHHUU 1HTErpas, SIKMM CHpPaBIXY€E MOYATKOBY YMOBY

y(@) =1. IIpu 3nauennsax X =1, y=1 i3 (5.35) maemo:
1.1+41.1=C = C=2.

ykanuii yacTuHHUM 1HTErpan (po3B’s30k 3anaui Komrl) orpumaemo, miacra-

BuBINK 3HaueHHs1 C =2 y piBHicTb (5.35). OTxe, X2y2 + Xy3 =2.
Bionogios. xX*y? +xy® =2

Ilpukiaaa 5.5. 3HaWIIOBIIN 1HTETPYBATBHUNA MHOXHUK, 3BecTH 3anaHe [P mo

PIBHSIHHS B MOBHUX JqudepeHIianax, 1 3IHTerpyBaTH HOro:
(y — xy?)dx + xdy =0. (5.36)

Po3é’azanna. llepesipumo, uu € 3agane JIP piBHIHHAM y IOBHUX TUdepenIiiazax,
5

T0OTO uu BUKOHY€EThCs ymMoBa Eiinepa (5.3). [lopiBHtoroun 3 (5.1), Maemo:

oM
M Y)=y-xy* = —=1-2xy;

oy
N
N(X’y):X = a—:].
OX
oM  ON §
E a x| a oTxke, (5.36) ue € PIIJI. CupoGyemMo 3BECTH HOr0 A0 TAKOTO IIISXOM
X
BIJIIIIYKAaHHSI IHTETPYBAJILHOTO MHOXKHHKA 13 3aCTOCYBaHHSIM HaBEJCHUX BUIIEC KPUTE-
piiB:
i 1-2xy—-1  2x
%) ? N = e —2Y # @1(X). Ilepmmii KpuTepiii HE BUKOHYETHCS,
X X

TOMY NIEPEXOIUMO JI0 EPEBIPKU HACTYITHUX.
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M _ N
6) Y ax=1—2xy—1_ 2Xy 2X

-M _—(y—xyz)_y(l—xy)zl—xy

HYETBCS, OTXKE, 3aJUIIAETHCS HA/Ilsl Ha OCTAHHIM.

# (5 (y). Llelt kpuTepiil TakoX HE BUKO-

oM _ oN
~ T A —2X . .. .
6) % - x 0 " m y 7 o> VT HeoOXimHO mimiopatn ¢GyHKI0 = (X,Y)
Nax May Xax_(y_xy)ay

TaKUM YUHOM, 1100 J1p10 y mpaBiii YaCTUHI PIBHOCTI JaBaB (DYHKI[1}0 BUKIIOYHO LBOT'O
aprymenta  @3(w). TlepenpoOoByro4rM mMpOCTilmIi BUpasd s apryMeHTa,
NEPEKOHYEMOCS, 110 KpUTEpId BUKOHYETHCS IJsl BUOAAKY =Xy, aJke Ais Iiel
byHKIil

M _ oN

¥ "o - 2xy 29 __2_ 2

= =— =——=——=03(0
NS-MZT xy-(y-x)-x xy* X o 7s()

2do

. o 1
a Tomy icuye p(w)=e = © =@ 2

()t

JIoMHOXXUBIIK PIBHICTH (5.36) Ha 3HAWIAEHUN IHTErPYBAIBHUNA MHOXHUK (BTpa-
4yeHi Ha 1iboMy Kpotri po3B’sizku X =0 ta Yy =0 BuxigHoro [P (5.36) ciig BpaxyBaTH B

OCTATOYHIH BIATIOBI1), OJCPKUMO:

(L—Ejdx+ﬂ=0. (5.37)

X2y X Xy2

3rifHO 3 O3HAYEHHSM IHTEerpyBaJibHOTO MHOXHUKA JIP (5.37) Mae Oytu piBHSH-

HsM y ToBHUX Audepeniianax. [lepeBipumo BukonanHs ymoBu Efinepa, mopiBHo04H 3

(5.1):

oM 1

M(X'Y)=XT—— oy __(xy)z’
1 N1
N(X’Y)_xy2 X (xy)?
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%\Az%\l, a otrxke, (5.37) cnpaBmi € PIIJI. JIns moOynoBU HOro 3arajibHOTO

po3B’s13Kky BUTIAAY (5.2) motpiOHo 3HakiTh GyHkmiro f(X,Yy), moBHuM audepeniiaiom
SKO1 € JIiBa yacTUHA piBHOCTI (5.37). BoHa BU3HAYa€ThCS 3 CUCTEMU PIBHSHD (5.4), sika y

HalllOMY BHUIIAAKY Ma€ BUTJIAA

a_1 1o 1 (5.38)
oX x°y X 0Oy xy

[aTerpyroun apyre (IpocTile Ha BUTJISA) 3 PiBHSAHB cucteMu (5.38) 3a 3MIHHOIO ),

Ma€EMO.

_:i = f(x y):—i+(p(x), (5.39)
Xy

ne ¢(x) — HeBimoMa (QYyHKIIIS 3MIHHOT X, Ky BU3HAUAEMO MiICTaHOBKOIO (5.39) y mepie

piBHsHHS cuctemu (5.38). Takum YMHOM OJIEPKUMO:

of 1 , 1 1 ' 1
— =5 to(X)=——-- = ¢(X)=—-.
X Xy X7y X X

OckinbKkH 3arajibHul iHTEeTpan (5.39) y)xe MICTUTh IOBUIbHY CTaTy, TO HaM JOCUTh

3HAWTH YACTHHHHHA PO3B’SI30K OTPHMMAHOIrO piBHSAHHS, Hampukiang, @(X)=-—In|x].

[TincranoBkoro B (5.39) BU3Ha9aEMO

1

f(x,y)=——-1In|x].
Xy
Toni 3rigHo 3 (5.2) 3aransuuit inTerpan PI1/ (5.37) 3anumerses sk
1
———In|x]=Cy,

a00 B CKBIBaJICHTHOMY BHTJISII

L omxec, (5.40)
Xy
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[Io6 3amucatu Bci po3B’si3ku BuximHoro [P (5.36), mo 3aranbpHOro iHTErpana
(5.40) cimig nogatv OKpeMo JBa BTpAyYCHI PU JOMHOKEHHI Ha THTETpyBaIbHUI MHOXKHHK

PO3B’SI3KH, SIKI OUEBUIHO HE OTPUMYIOThCS 3 piBHOCTI (5.40).
. . 1
Bionoegios. In|x|+—=C, x=0, y=0.
Xy

Ipukaaa 5.6. 3HalMIOBIIM IHTErpyBaJIbHUN MHOXHUK, 3BecTd 3agaHe [P mo

PIBHSIHHS B MOBHUX JudepeHianax, 1 3IHTerpyBaTH HOro:
x(y? +3In x)dy = ydx. (5.41)

Po3é’azanna. llepesipumo, un € 3agane JP piBHSHHAM y MOBHUX nudepeHiianax,
T0OTO uu BUKOHYeThbcsl ymoBa Ednepa (5.3). IlopiBatoroun 3 (5.1) micns mepeHeceHHsI

BCIX JIOJJaHKIB Yy JIIBY YacTUHY piBHOCTI (5.41), Mmaemo:

M(X,y)=-y = a—M=—1;
oy
2 oN _ 2
N(x,y)=x(y +3Inx) = PV y +3(nx+1).
X
oM  ON .
E & ' a orxe, (5.41) ne € PIIJI. Copobyemo 3BecTH HOro 10 TAKOro LUISIXOM
X
BIJIITyKaHHS 1HTETPYBaJbHOTO MHOXKHHMKA 13 3aCTOCYBaHHSIM HABEJECHUX BHINE KpUTE-
piiB:
oM _ N 2 2
a) ¥ X 1 2y 3(nx+1) =— y2 +3hnx+4 #@(X). Ilepmmii kpurepiii He
N y“ +3(Inx+1) y“+3Inx+3

BHKOHYETLCA, TOMY IICPECXOAUMO 10 HepeBipKI/I HAaCTYIIHHUX.

oM _ oN

_N 2 2
6) 2 Max _—1y Snx+1) __y +3Inx+4;«tq)2(y). Lleit xputepiil Takox He
- y

BUKOHYETHCS, OTXKE, 3AJTUIIIAETHCS HaJlisl HA OCTaHHIM.
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M _ N 2
) &y X _ y +3Inx+4

=— ;  TYT HeoOXimHO miniOpatu QyHKIIO
o) 0® 2 0 0
N&—ME x(y +3Inx)a—‘)’(’+y5‘”

®=0o(X,y) TakuM 4uHOM, 100 NIpi0 y mpaBili YacTHHI PIBHOCTI JaBaB (HYHKIIIO
BUKIIOYHO L[bOTO aprymeHTa @5;(w). Y gaHomy BHIaaKy nepenpoOOBYyBaTd pi3Hi

apryMeHTH HeMae€ MoTpeOu, OCKUIbKH € MPOCTIIUN BUXIA: Api0 MEpEeTBOPIOETHCA Ha

CTaJly BCIIMYUHY, AKIIO IMOKJIACTHU

o 1 oo 4
—==, —=— = o=Ihx+4n]y|,
OX X oy y
aJKe TOMl
M _ N 2
y " y +3Inx+4 — 1= u ()
0 o - LT ’
N%—M% x(y? +3Inx)-xt+y-4y™
a TOMy iCHy€ M(O))Ze_jdeG_wziAf-
Xy

JIoMHOXXUBIITN PiBHICTH (5.41) Ha 3HANICHUN IHTETPYBAJILHUN MHOXHUK [3ayBa-
AKHUMO, 110 3HaueHHs1 X =0 He BXOIuTh B 00J1aCTh BUBHAYEHOCT] PIBHSHHSA, a BTpauyeHUN

Ha 1IbOMY KpoIli po3B’si30k Y =0 Buximnoro JIP (5.41) ciix BpaxyBaTh B OCTaTOUYHIM

BIJITTOBIJT1], OJAEPIKUMO:

2 4 3

£i+3'” dey—ﬁ:o. (5.42)
vy Xy

3riiHO 3 O3HAYEHHSM IHTETrpyBaJbHOTO MHOXKHUKA JIP (5.42) Mae OyTtu piBHSH-
HsM y ToBHUX Audepeniiianax. [lepeBipumo BukonanHs ymoBu Efinepa, mopiBHoo04H 3

(5.1):

1 oM 3
M(X,Y)=——F = —=—7;
(x,y) o & xy
1 3inx oN 3
N(X,y)=—+ = —— =
( y) y2 y4 OX Xy4
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%vl = Z—N, a orxe, (5.42) cnpasnai € PIII. Jlng noOGynoBu Horo 3arajibHOTO po3-
X

B’s13Ky BUIISLNY (5.2) moTpiOHO 3HaiTh ¢yskmiro f(X,Y), moBHuM audepeniianom skoi
€ JiiBa 4yacThuHa PiBHOCTI (5.42). BoHa BHU3HauyaeThCs 3 CUCTEMH PIBHSHB (5.4), dKa y

HalllOMY BHUIIAAKY Ma€ BUIIIA]

o __1 A _1 3
OX Xy3’ 5)/ y2 y4 '

(5.43)

[aTerpytoun nepiue (MpocTillie Ha BUTIIAN) 3 PIBHAHb cucteMH (5.43) 3a 3MIHHOIO

X, MAEMO:

of 1 In x
o=y = fxy) =g o). (5.44)
X y

ne ¢o(y) — HeBigoma (GyHKIIiS 3MIHHOT y, SIKY BU3HAYA€EMO IiICTAHOBKOIO (5.44) y npyre

piBHsIHHS cuctemu (5.43). Takum YMHOM OJIEPKUMO:

XX =5+ o gy=,
oy y> oyt y?

OckinbKkH 3arajabHui iHTETpal (5.2) yKe MICTUTh JOBUILHY CTaly, TO HaM JOCUTh
o o . -1 .
3HAMTH YaCTHHHHN PO3B’SI30K OTPUMAHOTO piBHAHHS, Hanpukiax, O(y)=-y . ITixcra-

HOBKOIO B (5.44) BU3Ha4YaeMo

nx 1
foy)=-—7-.
y y

Toni 3rigHo 3 (5.2) 3aransuuit inTerpan PII/ (5.42) 3anumerbes sk

Inx 1
-—-==C,
y y
a0o0 B exBiBasieHTHOMY BTl (Y # 0)
y? +Inx=Cy®, (5.45)
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o6 3amucatu Bci po3B’si3ku BuximHoro [P (2.10), mo 3aranpHOro iHTerpaia
(5.45) cimig momaTH OKPEMO BTpAauSHHIA MPU JOMHOXKEHHI Ha IHTETPYBaJbHUI MHOKHHIK

po3B’s130k Y =0, KK 0YEBUIHO HE OTPUMYETHCS 3 PIBHOCTI (5.45).

Bionogios. y* +Inx=Cy3, y=0.
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3aBaaHHs 1J1s iHAUBIAYaIbHOL podoTH Ne2
ITocTaHoBKa 3aB1aHb:

1. Po3p’s3aTu niHIMHE AudepeHlianbHe PIBHSIHHS MNEPIIOro MOPSAAKY (3a HasBHOCTI

MOYaTKOBOI YMOBH — 3a7auy Kol asist JiHIHHOTO PIBHAHHSA MEPIIOTo MOPSAKY).

2. 3iHTerpyBaTu piBHSAHHA bepHysuli (3a HasBHOCTI MOYAaTKOBOI YMOBU — 3adady Komri

1St piBHSHHS bepryii).

3. 3HaliTU PO3B’SI30K PIBHSAHHSA (32 HASBHOCTI MOYATKOBOI yMOBHU — 3ajnauy Komni s

3aJ1aHOTO PIBHSHHSA), 3BIBIIM MO0 J10 JIIHIMHOTO THU(epeHIiaTbHOr0 PiBHIHHS.

4. [lepeBipuTH, YM € 3a7aHe PIBHSAHHSA PIBHSHHSM y MOBHUX AudepeHiianax, Ta 3HaliTu
Horo po3B’s30K (32 HASBHOCT1 MOYATKOBOT YMOBHU — 3HAWTH 1HTErpaJIbHY KPHUBY, IO

IPOXOAUTH YEPE3 3a1aHy TOUKY).

5. 3HaMIIOBIIM IHTErPYBAJIbHUIM MHOXXHHUK, 3BECTH 3aJlaH€ PIBHSHHS /10 PIBHSHHS B

MOBHUX AU(EepeHIriaiax Ta 3IHTerpyBaTH HOTo.
BapianT 1
1. xy' —(x-1)y=3x, y(-2)=1. 2.y +2y=y?e*.
3. X2y +xy+ x2y? =4. 4. (2y +cosx+1)dx+ (2x +siny —1)dy=0.
5. (3x°y —x +1)dx + dy =0.
BapianT 2
1Loxy' =2y=x* 2. (x+1)(y' +y?)=-y.
3.3y +y? +X—22=0, y@) =—2. 4. 2xydx + (x*> — y*)dy =0.

5. (L— x%y)dx + x2(y — x)dy =0.

BapianT 3
1.y + ytgx:i, y(ﬁjzo. 2. xy2y'=x? +y3.
cosx' "\ 4

3. xy' —(2x+1)y+y2=—x%. 4. x(2-9xy®)dx + y(4y® —6x°)dy =0.
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5. (2x%y + 2y +5)dx + (2x3 + 2x)dy =0.

BapianT 4

1. (xy +e*)dx —xdy =0. 2. xydy = (y? + x)dx.

3.y +2ye*—y?=e?*+e*, y(e)=0. 4. eVdx—(2y+xeY)dy=0.
5. (2x%y —3y®)dx + (7 —6xy?)dy =0.

Bapiant 5

1 X%y +xy+1=0. 2. xy'—2x2.[y =4y, y@) =1.

3. 5y3y +2y? :ﬁ+2y‘l. 4, %dx+(y3 +Inx)dy=0.
y

5. (x+sinx+sin y)dx+cosydy =0.
BapianT 6
1. y=x(y' = xcosx). 2. xy'+2y+x°y3e*=0.

2 2 3
3 y'—10(x+1)3-19/F:fiyl. g ¥ yjy dx— 2% y:Sydy:O, M (0.1).

5. (2y + xy>)dx + (1+ x?y?)dy =0.

BapianT 7
1. 2x(x2 +y)dx =dy, y(2)=+3. 2.2y~ 2= ny .
y x°-1
e
3. ytgx=—"—+2y'. 4 2xﬁ+«/x2—y)1x—w/x2—ydy:0.
cos® x

5. (L+ x2y)dx + (x3 + x?y?)dy =0.

BapianT 8

1. (xy'—DInx=2y. 2. x*y'siny=xy'—2y.

3. xyzdx+dy+3—ydx:0. 4. (L+ y?sin 2x)dx — 2ycos? xdy =0, M (-, 7).
X

5. y?(x—3y)dx + x*(x + y)dy =0.
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BapianTt 9

Loxy'+(x+D)y=3x%e*. 2. 2x°yIny—-x)y' =y, y(2)=1.

3
3. ytgx—2y'=y3cos®x. 4. 3x*(1+In y)dx—[Zy—X—jdy:O.
y

5. (1+ lzjdx+(1+2—)2/)dy:0.
X X X

BapianT 10
1. (x+ y2)dy = ydx. 2. xdx =(x? =2y +1)dy.

2
3. 1=4x\/§(1—\/§y'), y(%J:O. 4, (_L+2jdx+(x +1)cosydy:0.

siny cos2y -1
3
y 1 y
5 | & —— |[dy=—;dXx.
(x?’ szy X

BapianT 11
1. (2eY=x)y' =1. 2. (x+1)(yy'-1)=y?. 3.5x*+(y+4-x°)y' =0.

4., L+l+i dx+ L+£—i2 dy=0, M(3e/4e).
IxZ+y? Xy x2+y2 Yy

5. (2xy + y2)dx + (2x? +3xy + 4y?)dy =0.
BapianT 12

1. (sin?y +xctgy)y' =1, y(gj:—l. 2.y —ytgx+ y?(L+ x*)tgx + 2xy? =0.

2
3. | 3ycosx —§y3 sin 2x]dx+ dy=0.

X3 cos?y X2

3 3 2
4. 3x2tgyzijdx+£ X +4y3+3y jdy:O.

5. (2xy? — y)dx + (Y2 + x + y)dy =0.
BapianT 13
1. (2x+1)y' =4x+2y. 2.3y%y' —y®=2e*-1, y(-1)=3.
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2 2 2 2
3. yx3(y -1 +3y'=0. 4. (2x+ r Y de: 2 gy,
X"y Xy
5. y(1— ysin x)cos? ydx — (y? + xcos? y)dy =0.
BapianT 14

1. (2x+ y)dy=ydx+4In ydy. 2. (1-x?)y’ =xy(1—6y).

. .2
=0. 4. (Sln2X+xjdx: szx—y dy, M(E,E).
y y 46

5. dx + (x+ y%e Y)dy =0.

Wl

3.2y'+3e*y+3e*y

BapianT 15
1. [x+2+(x-1)yldx—xdy=0. 2. y'x:2\/§(lnx—\/§), y(2)=1.

SO
3. dx:[8xy+4(y +1)x4eY ]dy.

4.(x2+1+x2—lnx)1y+[ Xy +2xy_X]dx:O.
x? +1 X

5, (5X2 L2sny g)dx+ cosydy =0.
X X
BapianT 16
1. A-2xy)y' = y(y-1), y(-1)=4. 2. 2dy=[y— y *(cosx +sin x)]dx .
1

3. y'= x—l > 4 (siny+ysinx+1jdx+(xcosy—cosx+—jdy:0.
y X y

5. idxnt£i+g+ijdy:0.

X3 y3 y yx2

BapianT 17
1 [(x=2)y —x—1dx+ @-x)dy=0. 2. xy'=x(2x—2x*),[y -2y, y(-1) =2.

- 2
3. %:(i—Zx)dy. 4. y+SINXCOs (Xy)dx+
X Y

————+siny |dy=0.
cos? (xy) Losz(xy) y} d
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5, 20052xdx+(y3 _2sin 2X]dy: 0.
y

BapianT 18

5
1. (2y —cosx)dx+ (x—1)dy=0. 2. y'cosx—6y® +6ysinx=0.

y? —3x2
4

3. (1-x%)y' —2xy? =xy. 4. 2—;(dx+
y y

dy=0, M(L)).

5. (2—eytgx—tgxtgy)dx+£ey+ 12 ]dy:o.
cos“y

BapianT 19

1. (y—-Ddx+(2x—Iny)dy=0. 2. 2x[\/§(1— y)—l]dy:dx.
By 1) 2, .2 2, 2 _

3. dy+(xy—xy“)dx=0, y 2 =0. 4. y(x“+y“ +4)dy + x(x“+y°—4)dx=0.

5. In xdx + (7Y + 2xIn x — 2x)dy =0.

BapianT 20
1. (y—-Ddx+(2x —sin3y)dy =0, y(n):%. 2. 2xyIn xdy = (y? +3In x —1)dx.

3. (x=2y®)y'=y. 4 (xIny—x?+cosy)dy+ (x> +ylny—y—2xy)dx=0.

2

5.( 21 + X+ 2X cosy)dx—sinydy:O.
X +1 X +1

BapianT 21
1. [(2x—1)y —cos2x]dx + (x —1)dy=0. 2. 5x* +(y+4-x°)y'=0.

' ' 1 X
3. y—-y =y2+Xy. 4, (X—?]dXZ[T—y}dy, M(O,—l)
y2 - x Yy - X

5. (3x? —3sin 3x)dx + (1+ x3ctg y + cos3xctg y)dy =0.
BapianT 22

2
[ y l 3 N -
1.y = y(®)==. 2.|3ycosx——y3sin2x |[dx+dy=0.
y Xy y(3) 5 [y >V ] y
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2X—Yy dx + 2y + X

x2+y2 X2+y2

3. x3y'siny=xy'—2y. 4. dy=0.

5. (x—2ctg y—2y)dx—ctg® ydy =0,
BapianT 23
1. ydx —(2x—e¥)dy =0. 2. yx?(y®-1)+3y'=0.

3. 2x%yIny—x)y' =y, y(2)=e. 4. (6xy+x>+3)y' +3y% +2xy +2x=0.

X
5. (ex+1)dx+[y2 L& 7 X}dyzo.
ylny

BapianT 24

Wl

1. xy' +(2x+1)y —sin2x=0. 2.2y’ +3e*y+3e*y3=0, y(1) =2e.

3. (2x+ y)dy = ydx + 4In ydy.
4. [cos(x + y?) + 3y]dx + [2ycos(x + y?) + 3x]dy =0, M (goj

5. (X2y + y? + 2xy)dx + (x? + X)(x + 2y)dy =0.
BapianT 25

3
1. 3x—1+xy)dx—(x+1dy=0. 2. dx—[8xy+4(y +1)x4 eyzldy.

3. xdx=(x* -2y +1)dy=0. 4. (xe’+e*)dy +(’+ye*)dx=0, M(Le).

5. (2x2y —X)y’ — x2y® + 2xy? + y =0.
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8 6 ludepenniajbHi piBHAHHS MEPIIOTO MOPSAKY,

He POo3B’sI3aHi BiIHOCHO MOXiTHOI

6.1. InTerpoBHi THNM HeSABHUX PIiBHAHb MEPIIOr0 NOPAAKY. PiBHAHHSA
Jlarpan:ka ta Kiepo. HessBHMMHM pPiBHAHHSMM IEpPLIOr0 NMOPSIAKY HAa3HUBaIOTHCA

PIBHSIHHS, HE PO3B’sA3aH1 BIJTHOCHO MOX1IHOI. Taki pIBHSHHS MalOTh 3arajlbHUN BUTIISIA

F(x,y,y)=0. (6.1)
Hageaemo nesiki Tvnu piBHAHB BUTIIALY (6.1), sIKi IHTETpYIOTHCS B KBajapaTypax.

1. Jugpepenuyianvue pienanns nepuiozo nopaoKy cmenens nN:
3 k
> an_ (%y)-(y) =0. (6.2)
k=0

Take piBHSIHHS Ma€ m NIACHUX PO3B’SI3KIB BUTIISILY
y'=f (xy), k=Lm (m<n). (6.3)

3iHTErpyBaBIIM KOXXKHE 3 m piBHAHB (6.3), omepkumo 3aranpHuii iHTerpan /P (6.2) y
BUTJISII CYKYITHOCTI 3arajabHuX iHTerpaiiB qodipHix JP (6.3). Piusuus (6.2) nomyckae

PiBHO m IHTErpaTbHUX KPUBHUX, IO MPOXOIATH uepe3 GikcoBany Touky (Xg,Yo)-
2. /lugpepenuianvme pigHAHHA 6UNAODY
f(y)=0. (6.4)
[Ipumycrimo, o pisasaas (1.4) Mae miiichi kopeni Y’ = K; =const , i =1, m. Toxi

y=K;x+C, 3Bigku K; = X *(y —C). IlinknaBumm 1i 3HaYeHHS y PiBHICTb (6.4) 3aMiCTh

y', onepskumo 3aranbuuii interpan JIP (6.4) y Burismi

(S

3. lugpepenuianvue pisnannus, po3e’sa3zane 6iOHOCHO WYKaHoi pyHKUil

y="f(xy, (6.5)
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iHTGFp}IETBCSI IIJIAXO0OM BBCJIACHHSI napaMeTpa
y'=p = dy=pdx. (6.6)

Toni3 (6.5) y= f(x,p) i dy= fydx+ f dp. I3 ocrannboi piHoCTI 3 ypaxysauusm (6.6)

onepxuMo sisHe [IP mepimoro mopsaxKy BiqHOCHO HeBigomoil ¢pyHKil X(p):

dx  f}
dx= f/dx+ fidp = —=—2"_. 6.7
PR T TP dp p-fy €0
Hexaii X =@(p,C) — 3aranpuuii po3s’s3ok [P (6.7). Toxi piBHOCTI
x=0(p.C), y="flo(p.C) p] (6.8)

BU3HAYATUMYTh 3arajbHuil iHTerpan P (6.5) y mapamerpuuniii gopmi. 3araabHui
IHTerpan y 3BUYaiHOMY BHUIJISAI MOXKHA OTPUMATH, BUKJIHOYMBIIU 3 piBHOCTEH (6.8)

napamerTp p.

4. Tughepenuianvne pisnanns, po3e’a3ane 6i0HOCHO He3aN1eHCHOT 3IMIHHOT
x=1(y,y), (6.9)

IHTErPY€EThCS aHAIOTTYHO A0 (6.5) MIJIIXOM BBEICHHS IapaMerpa

y=p = ax=2 (6.10)

Toni 3 (6.9) x=f(y,p) i dx=fidy+ f dp. 3 ocrannsoi pisrocti, Bpaxosyrouu (6.10),

onepxumMo sisHe /[P mepimoro mopsAaxKy BigHOCHO HeBigomol ¢pyHkil Y(p):

dy dy  fp

L =fldy+ fldp = = (6.11)
p y p dp p—l _ f;
Hexait y=¢(p,C) — 3aranbuuii po3s’s3ok [P (6.11). Toxi piBHOCTI
y=o(p,C), x=fle(p,C), pl (6.12)
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BU3HAYaTUMYTh 3arajpHuil iHTerpan P (6.9) y mapamerpuuHiii gopmi. 3araabHui
IHTEerpajl y 3BUYaHOMY BUTJIAI MOXHAa OTPHUMATH, BHKIIIOUMBIIM 3 piBHOCTEH (6.12)

napameTp p.

5. Memoo noosinnoi napamempusayii. Y JIP Burisiay (6.5), (6.9), a Takox y ix

CIPOLIEHUX BapilaHTax
y="f(y), x=1(y) (6.13)

1HO/I 3py4HO mapameTpu3yBatd 1o jaBa (y Bumanky (6.13) — oOuumBa) aprymeHTH:

dy _ ¢'(t)dt
y' o w()

ab6o x dy = y'dx =wy(t)e'(t)dt, i TpeTiii apryMeHT 3HaXOAMTHCS MPOCTUM IHTETPYBAHHSIM,

y=0(), Y =y(t) abo x=0(t), ¥y’ =y(t) . BignosixHno 0yaemo matu: dX =

MICJIS YOT'O 3arajbHUM IHTETpaJl 3aUCYEMO B TapaMETPUYHOMY a00 — MICIS BUKITIOUYEHHS

napameTpa t — y 3BU4aifHOMY BUTJISI]II.
6. Pienannsa Jlarpanxca € yactuaauM Bumnajakom [P (6.5) Burisay
y =xo(y) +y(y), (6.14)
1€ ¢, y — T0BUIbHI (QYHKIIT aprymenty V' .
3iarerpyemo /[P (16.14) onrucanuM Buille METOJOM BBEJACHHS MapaMeTpa:
y'=p = y=x(p)+y(p) = dy=pdx=oe(p)dx+[xe'(p)+y'(p)ldp.

[3 ocTanHBOT PIBHOCTI OZIEPKYyEMO JTiHIITHE HeogHOpIaHE [P mepiioro mopsaky BiTHOCHO

HeBigoMoi GyHKIi X(P) BUrISLY

o x9(p) _ w(p)
) o~ p=o(p)

3arajlbHAM PO3B’ 30K SKOTO JAETHCS (DOPMYIIOFO
¢'(p)dp 1 9'(p)dp

p—o(p)
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Toni 3aranbHUi 1HTErpan piBHAHHS Jlarpamxka (6.14) y mapamerpuuHiil popMi JaeTbCs

PIBHOCTSIMU

x=%x(p,C), y=0(p)x(p,C)+wy(p).

3ayBakuMo: skio piBHsSHHSI P —@(Pp)=0 mae mgilicHi kopeHi P; =CONSt, To 10

3arajgpHOro 1HTerpana [P Jlarpanxa ciig nogatv oco0auBi po3B’3KU BUTIISALY
Yi =xo(p;) +w(p;).
7. Pienanna Knepo € npoctimum Bapiantom J[P (6.14) Burnsny
y=xy"+w(y), (6.15)
i€ y — IOBiIBHA (QYHKIIA aprymenTy Y’ .
3inTerpyemo JIP (6.15) onrcanum Buille METOJIOM BBEJICHHS MapameTpa:
y=p = y=xp+y(p) = dy=pdx=pdx+[x+y'(p)dp.
I3 ocTanHbOi piBHOCTI ofepkyeMo JIP Burmsmy
dp-[x+y'(p)]=0, (6.16)
sKe posnanaerses Ha aBa piBasaas: dp=01i x+y'(p)=0.

Sxmo dp=0, o p=C i3 (6.15) orpuMaemMo 3arajibHHI PO3B’SI30K PIBHIHHS

Knepo
y=Cx+y(C).
Skmo X+ y'(p) =0, To6T0 X =—Vy'(p), TOAi 3 ypaxyBauuam (6.15) orpuMaemMo piBHOCTI

x==y'(p), y=w(p)-pv'(p),

SK1 BU3HAYAIOTh 0COOIMBHIA po3B’ 130K piBHSHHA Kitepo B mapameTtpuuniii hpopmi. OTxe,
st piBHSHHS Kiepo sk 3aranbHHM, Tak 1 OCOONMBHI PO3B’SI3KM OJEPKYIOTHCS Ha

mifcTaBi piBHOCTI (6.16) de3 inmezpysanns.
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3ayBaxxumo, mo s JP (6.15) nezactocoBHi (popmynu, BUBEAEH! A OUIbII

3aranbHoro JIP Jlarpamxka (6.14), ockuibku 'y Bumaaky piBHsHHS ~ Kiepo
p-¢(p)=p-p=0.

6.2. OcobauBi po3B’si3ku AudepeHUiaTbHUX PiBHAHbL MEPUIOTO MOPSAKY.
Posrasinemo 3anauy Komri nist JIP mepuioro nopsiaky (6.1), He po3B’si3aHOTO BITHOCHO

MOX1THOT, 13 TOYaTKOBOIO YMOBOIO
y(Xo) = Yo- (6.17)
Mae cuiy HacTymnHa

Teopema 6.1 (npo icuysanns i eounicme po3e’s3ky 3adaui Kowi ona pisnanns
nepuiozo nopsaoKy, He po36’a3anozo 6ioHocHo noxionoi). Hexaii 1iBa yacTHHA PiBHSIHHS

(6.1) F(X,y,Y') HemepepBHa pa3oM i3 YaCTHHHHUMHM IOXIJHMMH IIEPIIOTO IOPSIKY B
nesikomy h-oxomi touku My (Xg, Yo, Yo) A€ Yo po3B’sizok piBasHHS F(Xg,Yq,Y) =0, 1
cnpasmkye ymosu: F(My)=0, oF(M,)/dy’#0. Toxmi mns Bcix Xe[xg—h,Xy + h]
nudepeHiianbae piBHIHHS (6.1) Mae equHuii po3s’s130K Y(X), 110 CIPaBIXKYE TOYATKOBY

ymoBy (6.17).

[Mosedennsa. Slxmo OF /0y’ #0 y touni M, TO 3rifHO 3 TEOPEMOIO MPO iCHYBAHHS

HessBHOI QyHKii JIP (6.1) BusHavae Y’ sk oqHO3HAYHY (DYHKIIIIO

y'=F(xY) (6.18)

y neskomy h-okomi touku M. ®@yukuis F;(X,Y) HemepepBHa mo 060X aprymMeHTax i

MaTUMe€ HeTNepepBHI YAaCTUHHI MOXIMHI MEPIIOTO MOPSAKY, TOOTO B PO3IIISIAYBaHiN

obacti — h-okom Touku M — BoHa cnpaBmkye ymoBu Teopemu Korri-Tleano. Skio
y =Y(X) pos3s’szokx [P (6.1), o 3 JIP (6.18) maemo: Y'(Xg) = F[Xy, Y(Xp)]=Yp. Tomy
JIP (6.18), a omxe, i JIP (6.1), Bu3Hauae B h-oxomi Toukun M, equny dpynkmio Y(X), ska

CIpaB/IKY€E Mo4YaTKoBY yMoBY (6.17): me BumnBae Oe3mocepennbo 3 Teopemu Korri-

[Teano. u
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Osnauenns 6.1. Po3p’s30k JIP (6.1), y K0XHII TOULI IKOTO NOPYIIYETHCS YMOBA

€IMHOCTI (TOOTO HE BUKOHYIOThCSI yMOBH Teopemu 6.1), Ha3uBaeThCs 0codiueum.

[Mpunyctumo, mo miBa yactuna P (6.1) F(X,Y,Y') e HenepepsHow i Mae

HelepepBH1 YaCTUHHI MOX1/IH1 MepUIOro NOPSAAKY 3a BciMa apryMeHTaMu. To/1 oco0uBI

po3B’si3ku JIP (6.1) 3HaXoAsTh 13 CUCTEMU PIBHSIHD

{F(X’ y:p)=0. (6.19)

Fy (Y, p) =0,

ne p=Yy' — napamerp. Bukmouusiim napametp p i3 (6.19), orpumaemo aesky GyHKIIO
¢(X,y) =0, sika Ha3MBA€TbCS PIBHSIHHAM pP-OUCKPUMIHAHMHOI Kpugoi. JIns KOXKHOI
BITKU p-AMCKPUMIHAHTHOT KPUBOI CJIiJ IEPEBIPUTH, YU € 1151 BiTKa po3B’sizkom [P (6.1),
a SIKILO €, TO YU OyJe 1el po3B’S30K 0COOJIMBUM, TOOTO YW JOTHKAIOTHCS /10 HHOTO B
KOXHIA TOYI[l 1HINI PO3B’s3kKM (1[0 O3HAYa€ TMOPYIICHHS yMOBU €AUHOCTI). Jlms
HEePEeBIPKU MOPYIIEHHS YMOB €IUHOCTI KOPHUCTYIOTbCS YMOBAMM JIOTHUKY KPHUBUX

y=Y,(X) Ta y=Y,(X) y Touri 3 abcucorw Xg, AKi MAIOTh BUTJIS]T

Y1(X0) = Y2(X0), Y1(X0) = Y2(Xo) .

Ha mpakrumi s gocmimkennst JIP (6.1) Ha ocoOnauBi po3B’sI3KH 3aCTOCOBYETHCS

HAaCTyIHa

Teopema 6.2 (kpumepiit icnysanns ocodonueux po3e’sa3Kie PiGHAHHA NEPULOZO

nopsaoky). Hexait niBa yactuna piBHaHHA (6.1) F(X,y,Y’) HemepepsHa pasom i3

YACTHHHUMHU MOXITHUMH TIEPIIOTO MOPSAIKY B ACsKil 3aMKHEH1H obmacti D R3. Tonui
IS TOTO, MO0 p-AucKpuMiHaHTHa KpuBa (p/1K) Oyna ocobmmBuM po3B’sizkom JIP (6.1),

HEOOX1THO 1 JOCTaTHHO OJTHOYACHE BUKOHAHHS YMOB

F(x,y,p)=0, (6.20)
Fo(x,y,p)=0, (6.21)
F (XY, p) + pFy (X, Y, p) =0, (6.22)
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1€ p — mapamerp.

Hogedenna. Hexaii pJIK — ocobnuBuii po3p’sizok JIP (6.1). Toxmi Bona: a)
cupaBmkye 1P (6.1) (ToOTo BUKOHY€eThCs yMOBa (6.20)), 1 6) mopylnye yMOBY €IHHOCTI
B KOXHI CBOTH Toulli (ToOTO BUKOHYEThCS yMoBa (6.21)). Judepenmiroroun (6.20) 3a
3MIHHOIO X 13 ypaxyBaHHsAM (6.21), onmepxxumo ymoBy (6.22); mpu LBbOMY BCIOJHU

BBakaemo Y = .

Hexait tenep BukonyroThes ymoBu (6.20)-(6.22), a y=o¢(x) — pJAK, onepxxana
IIIIXOM BHKITFOUEHHS apameTpa p 3 cuctemi (6.19) (to6To 3 piBHocTeid (6.20), (6.21)).

Toni, migkmaBm y=@(X) i Yy =¢'(x), i3 (6.22) 3 ypaxyBauusm (6.21) micranemo:

dF(X;(P((j))(()!(P (X)) = O’ TOOTO F(X,(p(X),q)’(X)) =C=const. I3 (620) C=0, s3Biakn

BurutuBae, 1o p/IK € pos3s’ssxkom [P (6.1). ]

3ayBaXUMO, IO OCOOJMBI PO3B’SA3KM MOJYKHA IIIYKATH TaKOX 3a JOTOMOTOIO
BIZIOMOT'O 3arajibHOro iHTerpana. Skiio Bimomuii 3aranpuuii interpan ®(x,y,C)=0 /P
(6.1), TO BiH BU3HAYA€E JACAKY OJHOMApAMETPUUHY CiIM’IO KpUBHUX, a 0osiona ¢(X,y)=0
1i€i ciM’1 (ToOTO KpUBa, B KOXKHIM TOYIT SIKOT Ma€e MICIIE IOTUK 13 OAHIEIO 3 KPUBHUX CIM 1),
3a yMOBHM ii iCHyBaHHs, € ocoOymBUM po3B’si3koMm JIP (6.1). SAxmo ¢yakmis @ mae

HEeTIepepBHI YaCTUHHI TOXIIHI MEPIIOTO MOPSAIKY, TO ISl 3HAXOMHKEHHS 00B1IHOT Tpeda

BUKITIOUUTH TTapameTp C 13 CUCTEeMU PIBHAHB

CD(X, y’C) =0,
D (x,y,C)=0

1 mepeBiputu, un Oyne oTpuMaHa C-OucKpuminaHmHA Kpuea OOBIIHOIO, TOOTO YU
JTOTUKAIOTHCS 10 HEl B KOXHINA Toull KpuBi cim’i. [{ro mepeBipky MokHA 3MIHCHUTH 13

3aCTOCYBAHHAM HABCACHHX BHUIIC YMOB JOTHUKY KPHUBHUX.

HajiinpocTimi iHTerpoBHI THNIA HEIBHUX PiBHAHDb NMEPIIOT0 MOPSAKY

Ilpukian 6.1. Po3s’a3aTu piBHSHHS Ta JOCTIAUTH HA OCOOJIMBI pO3B’A3KHU:

x2y'? — 2xyy’ = x? +3y2. (6.23)
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Po3é¢’sa3annsn. Bupasumo 3 piBHOCTI (6.23) Y’ i3 3acTocyBaHHAM BioMoi GOpMyJTH

JUTSL KOPEHIB KBAaJPATHOT'O PIBHAHHS:

. 2xy * \/4x2y2 +4x%(x% +3y?)
V= 2x°? ’

a00 Mmicis COpOoUIeHHS

2
y’=Xi 1+ 4(% : (6.24)
X

Ile wemuiiine opHopimHe JIP, ske MoOXHA 3BECTH 1O pIBHSHHS 3

BIZIOKpEMJTIOBAHUMH 3MIHHHUMH TMijgcTaHOBKOIO Y = XU(X), ae U(X) HOBa HeBigoMma

¢ynxuia. Toai 3 (6.24) onepkumo

2
Xu Xu

Xu'+u=—= 1+4 —| ,
X X

TOOTO

XU' = +1+4u? .

BimokpemirtoeMo 3MiHHI:

e o S0 20

dx V1+4u? X u? +

[Ticns iHTErpyBaHHS OTPUMAEMO PIBHOCTI

Arsh 2u=2In|x|+In|C|, Arsh2u=-2In|x|+In|C,],

ne C;, C, — HeHynbOBI cTali. Bupa3umo 3 mux piBHOCTEH apryMeHT apea-CHHyca:

2 2 C12X4 -1
Arsh2u=In[Cx*[ = 2u=shIn[Cx* [=————; (6.25)
2C;X
C2 _ x4
Arsh2u=In|Cyx?| = 2u=shin|Cx?|="2—"—. (6.26)
2C,X

101



3ayBakumo, 1m0 JJIs HeHynboBUX 3HaueHb C;, C, piBHOCTI (6.25) Ta (6.26) €

€KBIBAJICHTHUMH, OCKLUIBKHU

Ci-x* Cy&x'-1
2C,x*>  —Cyl.2x?

T00TO (6.25) oTpuMyeThCs 3 (6.26) mpu C; =-C, L Tomy 1151 3HAXOJPKEHHSI 3arajibHOTO

pO3B’s13Ky piBHSAHHS (6.23) ITOCTaTHBO PO3MNISAAATH PIBHICTH (6.25), Ky 3alUIIEMO Y

BUTJIAI1

_Ccix' 1

2u
2Cx>

(6.27)

BuxonaBmm o6epHeHy MiJICTAHOBKY U = Xy, i3 (6.27) maemo:

,Y_Cx'-1

ACxy =C2x* -1,
X 2Cx°
3BIIKM OTPUMYEMO 3araibHuii po3B’s30k [P (6.23)

= Ccx* -1
ACx

Jlns  nmocmimkeHHss piBHAHHSA (6.23) Ha 0COOJMBI PO3B’SI3KM  CKOPUCTAEMOCS

KpHUTEpieM, BUKIaaeHuM y Teopemi 6.2. BpiBiuu mosHaueHuss Y = P, MogaMoO PiBHSHHS

(6.23) y BurIsai
F(x,y,p)=x?p? —2xyp — x* —=3y? =0.
Toni qyist BU3HaYEHHST OCOOTMBUX PO3B’SI3KIB OJIEPKUMO CUCTEMY PIBHSHD

F(x Y, p)=x?p? —2xyp - x% —3y2 =0,
, o2 _
Fo(X,y, p)=2px° —2xy =0,

Fy (XY, p)+ PFy (X, Y, p) = 2xp® — 2yp — 2X — p(2xp + 6Y) =0,
a00 MmicJist CIPOLIEHHS
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x2(p? =1 - 2xyp -3y% =0,
X(px—Yy) =0, (6.28)
X+4py=0.

3riHO 3 KPUTEPIEM JIJIs ICHYBaHHS 0COOIMBUX PO3B’SI3KIB yC1 TPU PIBHOCTI 3 (6.28)

MarTh BUKOHYBATHCS OJHOYACHO. Y HAIIOMY BHIMAJAKYy 3 TPETHOTO PIBHSHHS CHUCTEMH
0JIEPKYEMO p=—0.25xy_1, a 3 Japyroro p= yX_1 (TYT MpUHATIAHO 3ayBa)KUMO, IO
3HaueHHs X =0 HE BXOJWUTH B 00JaCTh BU3HAYCHOCTI PiBHSAHHS ). BUMora ogHOYacHOTO

BUKOHAHHS J1a€ HEOOX1THY YMOBY

X X:>4y:—x

4y X
I3 ocTaHHBOT PIBHOCTI OUEBHUIHO BUILIMBAE, 10 cucTeMa (6.28) € HECyMICHOM, a OTXKe,

JIP (6.23) He Mae 0coOIMBUX PO3B’SI3KIB.

L . : C2x* -1 L
Bionoegios. 3aranbuuii po3B’sS30K: sz. Oco0IMBUX PO3B’SI3KIB PIBHAHHS HE
X

Mae.

Ilpukian 6.2. Po3s’s3aTu piBHSIHHS Ta JOCTIIUTH HA 0COOJUBI PO3B’ I3KU:

y=(xy' +2y)°. (6.29)

Po3é’azanna. 13 piBHOCTi (6.29) O0YEeBHAHO BUILUIMBAE, IO PIBHSHHS Ma€ 3MICT

TUIBKH JUTS 3HaueHb Y > 0, a ToMy HOTro MOYKHA MOJATH Y BUTJISLIL
b

Xy'+2y =%y
abo
y'+2—Xy=J_rg (6.30)

(3HayeHHs X =0 He BXOIUTH B 00J1aCTh BU3HAYCHOCTI PIBHSHHS).
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Opnepxxane JIP (6.30) e piBHsHHAM bepHymmn npu oc:%. 3IHTErpyeMo HOTro

METOJIOM MIJCTAHOBKH, IIYKAalOUU PO3B’S30K Yy BHUIJISAA1I AOOYTKY JABOX (YHKIIIH

HEe3aJIEKHOI 3MIHHOT X
y=u(x)-v(x). (6.31)

Onny 3 aBox ¢yHkmid U(X), V(X) MoxHa BHOpaTH AOBUIBHHM YHHOM, a JPyra

BHU3HAYUTHLCS Ha MmiacTaBi piBHIHHS (6.30).

[Ticnsa mincranoBku (6.31) y (6.30) maemo:

2uv Juv

uv+uv' + —=+——
X X
abo
u'v+ u(v’ + &j = i@. (6.32)
X X

bynemo Bumaratu, 1106 B (6.32) koedirieHT npu U(X) IepeTBOPUBCS HA HYJIb, TOI1

3a QyHKIi0 V(X) MOXKHA B3ATH OYAb-IKUI pO3B’ 30K JIiHIHHOrO ogHOpigHOrO JIP

2V
v'+—=0.
X
—jgdx ) . .
Hampukiag, Vv=e ** =X . Toxi 3 (6.32) nis Bu3HaueHHs GyHKIii U(X) micTaHeMo

PIBHSIHHS

3BIIKHM TICHS BIJOKPEMJICHHSI 3MIHHUX 1 HACTYITHOTO IHTETPYBAHHS MAEMO:

2 2
ﬂ:J_rdx = 2Ju=%x+C, = u:(CliX) _(x+C) ,
Ju 4 4

ne C =xC, — noinbHa crana. [ligzcraBusmim 3HaiaeHi ynkmii U(X) i V(X) y dopmymry

(6.31), omepxuMo 3arajabHUI po3B’ 130K piBHAHHS bepryui (6.30)
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X +C)?
y- 0
4X

st nocnipkeHHs piBHSAHHSA (6.29) Ha 0cO0IMB1 PO3B’A3KH I0J1aMO MO0 y BUTIISI

F(x,y,p)=Yy—(xp+2y)* =0,

ne Y' = p. Toai s BU3HAUCHHS OCOOJIMBUX PO3B’SI3KIB OJCPIKUMO CHCTEMY PiBHSHb

F(x,y,p) =y~ (xp+2y)* =0,
Fo (XY, p) =-2x(xp + 2y) =0,

Fe (%Y, p) + PRy (X, Y, p)=-2p(xp + 2y) + p[1—4(xp + 2y)] =0,
a00 MICis CIPOUIECHHS

y = (xp +2y),
X(xp +2y) =0, (6.33)
p[1-6(xp + 2y)] =0.

3rifiHO 3 KPUTEPIEM IS ICHYBaHHS OCOOJIMBHUX PO3B’s3KIB yC1 TpH piBHOCTI 3 (6.33)

MalOTh BUKOHYBATHCSI OJHOYACHO. Y HAIIOMY BHITAJKy 3 JPYroro PiBHSIHHS CHUCTEMH,
-1 .
BpaxoByroun, mo X=0, ogepkyemo pP=-2yX -, Ttomi 3 Tpethoro pP=0. Bumora

OJIHOYACHOT'O BUKOHAHHSI JIa€ HEOOX1HY YMOBY

—Q:O = y=0.
X

Otpumana ¢GyHKIS OYEBHIIHO CIpaBDKY€E mepiie piBHAHHA cuctemu (6.33), a

OTXe€, 3TITHO 3 KpUTEpieM € ocobmuBuM po3B’si3koM JIP (6.29).

(x +C)?

Bionoegios. Y =
4x°

— 3arajbHUN po3B’sa30K; Y =0 — ocoOnmBuUil pO3B’SI30K.

MeToa BBeIeHHSA mapamMeTpa

Ilpukian 6.3. Po3B’a3aTu piBHSHHS Ta JOCTIAUTH HA OCOOJIUBI PO3B’A3KHU:

3y —xy'+1=0. (6.34)
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Po3é’az3anna. Bupazumo 3 piBHOCTI (6.34) He3aIeKHY 3MIHHY X'
r_ '3 _ 12 =1
Xy'=3y"+1 = x=3y“+y . (6.35)

Ile mesBHe piBasaHs Ty X= f(Yy'). Po3B’sbkeMO #HOro mUIIXOM BBEICHHS

rnmapamerTpa
y=p = ax=2 (6.36)
p
Toni 3 (6.35)
x=3p>+p*t = dx=(6p-p2)dp. (6.37)

I3 (6.37) 3 ypaxyBanusm (6.36) oaepxxkumo sieHe /[P mepiioro mopsaky BiTHOCHO

HeBimomoi ¢pynkuii y(p):

d . d .
Y _6p-pHdp = L=6p2-pl.
p dp

BigokpemitoeMo 3MiHHI i IHTETPYEMO:
dy=(6p”-p)dp = y=2p’-In|p|+C, (6.38)

ne C — noBinpHa ctana. I3 (6.37) Ta (6.38) onepxkyemo 3aranpHuii po3’si30k JIP (6.34) y

napamMeTpudHin popmi
x=3p2+p?, y=2p°-In|p|+C.
st nocnimpkeHHs piBHIHHS (6.34) Ha 0cOOIMBI PO3B’A3KH TI0JIaMO HOTO y BUTIIS I
F(x,y,p)=3p° —xp+1=0,

ne Y' = p. Toai [uis BU3HAYCHHS OCOOJIMBUX PO3B’SI3KIB OJEPKUMO CHCTEMY PiBHSIHb

F(x,y,p)=3p°—xp+1=0,
Fi(x,y,p)=9p® —x=0,
F (XY, p)+ pFy(X,y, p)=-p+ p-0=0,
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a00 MICHs COPOLIECHHS

xp =3p3 +1,
x=9p?, (6.39)
p=0.

3riHO 3 KPUTEPIEM JIJIs ICHYBaHHS 0COOIMBUX PO3B’SA3KIB yci TpH piBHOCTI 3 (6.39)

MarOTh BUKOHYBATUCS OJTHOYACHO. I3 TpeThoro piBHsHHsA P =0, Tomi 3 apyroro X=0;

MiICTAHOBKA 1IMX 3HAYEHb Yy Teple piBHAHHSA Jae XuOHy piBHICTh 0=1. 3Bizcu oueBUIHO
BUILUTMBaeE, mo cucrema (6.39) € HecymicHow, a orxke, [IP (6.34) He Mae 0ocoOIMBHX

PO3B’SI3KIB.

3aysarxcenns. 13 3actocyBaHHSIM KpUTEpilO0 Jerko mnokaszatv, o [P tumy

X=f(y') He ™aroTh 0COONMBHX pO3B’S3KIB Yy3arami, apke B I[OMY BHIAIKY
F(X,y,p)=x—T(p), a a1 miel GyHkmil cucreMa st JOCTIKCHHS Ha OCOOJIHMBI

PO3B’SI3KM 3aBXK/IM HECYMICHA, OCKUIBbKY 11 TpeTe piBHAHHS Ja€ XUOHY PIBHICTh

F (%Y, p)+ PRy (XY, p)=1+p-0=0.
Bionoeios. 3aranbHuil pO3B’S30K Y MapaMeTPUYHOMY BUTJISAL: X =3 p2 + p_l,
y=2p%—In| p|+C. Ocobamsux PO3B’S3KIB PIBHSIHHS HE Mae.

Ilpukiajn 6.4. Po3s’s3aTu piBHSIHHS Ta JOCTIIUTH HA 0COOJUBI PO3B’ I3KU:

y(@+Yy'?)=2r, r=const. (6.40)

Po3zé’azanna. Jlna interpyBanHs piBHAHHS (6.40) ckopucTtaeMocsi METOIOM

MO/BIITHOT MapaMeTpu3allii Ha MiICTaBl TPUTOHOMETPUYHOT TOTOKHOCTI
2 24y _
asin“t(l+ctg°t)=a.
Beeaemo mapamerp t 3rigHo 3 popmynamu: Y = 2rSin 2t, y'=ctgt, Toxi

_dy _ 2rsin2tdt
y' ctgt

dx =4rsintdt = x=r(2t—sin2t)+C.
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OTtxe, 3aranpHuii po3B’s130k [P (6.40) y napameTpuyHOMY BUTJIS1
x=r(2t—sin2t)+C, y=2rsin’t=r(1-cos2t).
[loknaBuim B ocTaHHIX piBHOCTAX 2t =0, ogep:kumo mpoctiii GopMyau
X=r(0@-sin0)+C, y=r(l-cos0). (6.41)

Sxuio 3 piBHOCTEH (6.41) BUKIIOYMTH MapaMeTp O — Hampukiaja, BU3HAYMBILIH
fioro 3 apyroi piBHOCTI i MiZICTABUBIIMU B MEPILY, — TO OTPUMAEMO 3arajibHUN 1HTErpal

JP (6.40) y 3Buyaitniit opmi

X = rarccosr;ry—wmry— yZ> +C.

s nocnimxenHs piBHAHHS (6.40) HAa 0COOIMB1 PO3B’A3KH 110JJaMO HOTO Y BUTIISIIL

F(x,y,p)=y(@d+ p?)-2r=0,

ne y' = p. Toxi ajas BU3HAYECHHS OCOOIUBUX PO3B’A3KIB OJEPKUMO CUCTEMY PiBHSAHB

F(x,y,p)=y(l+ p?)-2r=0,
Fo(X,y,p)=2py=0,

Fy(X,Y, )+ PFy(X,y, p) =0+ p-(1+ p?) =0,

a00 MiCIIs CIIPOIIEHHS

y@d+ p?)=2r,
py =0, (6.42)
p(L+ p?)=0.

3rigHO 3 KPUTEPIEM I ICHYBAHHS 0COOJIMBUX PO3B’SI3KIB yC1 TpU piBHOCTI 3 (6.42
y y

MarTh BUKOHYBAaTHCS OJHOYACHO. I3 TpeThoro piBHsHHS P =0, TOmi npyre piBHSHHS
CIIPAB/IKYETHCS aBTOMATUYHO, a 3 TIepmIoro gictanemo Y =2r . g ¢pyHKIis o4eBUIHO €

po3B’si3koM JIP (6.40), 1 3T1iAHO 3 KPUTEPIEM 1€l PO3B’ 30K € OCOOTHUBHM.
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. . . - r— o
Bionoeiob. 3aranbHuii IHTErpan: X = rarccos.— Y — J2ry—y? +C; ocobmusuii
r
pO3B’SI30K: Y = 2r .

Ipukaan 6.5. Po3B’s13aTu piBHSAHHA Ta JOCIIUTH HA OCOOJIMBI PO3B’SI3KU:

y'? —yy' +e*=0. (6.43)
Po3zé¢’azanna. Bupazumo 3 piBHOCTI (6.43) He3alI€XKHY 3MIHHY V:
yw=y?+e* = y=y+elyt (6.44)

Ile mesBHe piBHsHHsA THmy Y= f(X,y’). Po3B’skeMO HOro HUISIXOM BBEICHHS

nmapamerpa
y=p = dy=pdx. (6.45)

Tomi 3 (6.44)
y=p+eXp?t = dy=e*pltdx+@1-eX p?)dp. (6.46)

I3 (6.46) 3 ypaxyBauusm (6.45) oxepxumo siBHe JIP mepimoro mopsaky BiZTHOCHO

HeBigoMol GyHkii X(p):
e e*
pdx=e*- p~ldx+(1—e*- p7?)dp = p(l——zjdx:(l——zjdp. (6.47)
P p

1. SIxmo €* # p2 , TO TICII CKOPOYECHHS 1 BIIOKPEMIICHHS 3MIHHHUX 13 (6.47) Maemo:

pdx=dp = dx:d—s = X=In|p|+In|C|=In|Cp|,

3Bigkn e* =Cp, a Toxi 3 (6.46) y=p+Cp- p_1 = p+C. Omxke, 3araapHuii PO3B’ 30K

JP (6.43) y mapameTtpuuHiii popmi

x=In|Cp|, y=p+C, Cc=0.
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BUKIIIOUMBIIHT 3 OCTAHHIX PIBHOCTEH IMapaMeT OIEPKUMO 3arajJbHUH PO3B’ A30K
p p pp, p p

P (6.43) y 3Buyaiiniii popmi

2. Po3risiHEMO BHIIAZOK, KouH y (6.47) X = p?, to6ro p =+e%°*. [ixcrasusmu

1€ 3HaueHHs B (6.46), ogepkuMo (yHKIII1
y =+2%°%, (6.48)

i ¢ynkmii € pos3p’szkamu [P (6.43), y 4YoMy MOXHaA TMEPEKOHATHUCS
0e3nocepeIHbOI0 MMiICTAaHOBKOK. [loka)keMo, 1m0 11 po3B’sI3KU € 0COOMMBUMHM. J7st
IILOTO TIPOBEJEMO JOCIIIKeHHsI piBHSHHS (6.43) Ha 0c0OJIMB1 PO3B’ A3KHU, TTOAABIITN HOTO

y BUTJISIIL

F(x,y,p)=p*—yp+e*=0,

ne Y'=p. Jng Bu3HAueHHS OCOOJMBHX pO3B’S3KIB aHAJONIYHO 0 IOMEPEIHIX

NPUKIIAJIB OJEPKUMO CUCTEMY PIBHSIHB

F(xy,p)=p>-yp+e* =0,
Fo(X,y,p)=2p-y=0,

Fy (XY, p) + PRy (x,y, p) =€*— p* =0,
a00 TICIs CIIPOIICHHS
p° —yp+e* =0,
y=2p, (6.49)
e* = p°.

3riIHo 3 KPUTEPIEM I ICHYBAHHSI 0COOIMBHUX PO3B’SA3KIB yC1 TPpH piBHOCTI 3 (6.49
y y

0,5x

MalOTh BHUKOHYBaTHUCS OJHOYACHO. I3 TpeTboro piBHSIHHS P=1€ ", TOIl 3 APYroro

y = +2¢"%%%

, 132 [IUX 3HaYCHb NEpIIE PIBHSIHHS MEPETBOPIOETHCSA HA TOTOXKHICTh. OTXKeE,

¢GyHkIii (6.48) € ocodbmuBumu po3s’sizkamu [P (6.43).
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X

: : y : e _ ,
Bionoeios. 3aranbHuil po3B’s30K: Y = e +C, C#0; 0cobmuBi po3B’si3ku: Yy =12 g0°x

PiBusinns Jlarpan:ka ta Kiepo

Ipuxaan 6.6. Po3p’s3atu piBHsHHA Jlarpanka:

y=2xy' -5y'°. (6.50)

Po3zé¢’azanna. PiBusnHs Jlarpanka € 4aCTUHHUM BUIAJKOM HESIBHOTO PIBHSHHS

turry Y = f(X,Y'). Po3B’skeMo HOro muisixoM BBEAECHHS apameTpa
y'=p = dy=pdx. (6.51)
Toni 3 (6.50)
y=2xp-5p> = dy=2pdx+(2x—10p)dp. (6.52)

I3 (6.52) 3 ypaxyBanasMm (6.51) oxepkumo JiHiiHe HeomHopigHe [IP mepioro

HOPSAKY BiTHOCHO HeBimoMoi ¢yHKIi X(p):

pdx=2pdx+ (2x-10p)dp = j—:+2—:=10. (6.53)

1. Po3B’spxemo piBusiaus (6.53) metogom Jlarpamka, BBaxkaroun P # 0. 1is 1is0ro

CIOYATKY 3HAWAEMO 3arajbHUil pO3B’A30K BIAMOBigHOro a0 (6.53) OIHOPIIHOTO
y

PIBHSIHHS, SIK€ IHTETPYETHCS IUITXOM BIIOKPEMJICHHS 3MIHHHX

d,2x o dx_ 2dp
dpo p X p
3BIJIKH
x,, =Cp~?, C=const. (6.54)

3aranbHUI PO3B’SA30K HEOHOPIMHOTO PIBHIHHS (6.53) Oy/neMo mykaTv y BUTIISII

(6.54), BBaxkatoun crany C QyHKIIIE€IO HE3aJIeKHOT 3MIHHOT P:
x=C(p)-p~°. (6.55)
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Oyukmiro C(p) 3HaimeMo O6e3mocepeIHbOI0 MiicTaHoBKOO (6.55) v (6.53):

C'(p)-p?-2C(p)- p°+2C(p)p~° =10,

3BIJIKU
3
C(p)=10p* = C(p)=10-+C,
ne C; — nmoBinmpHa crana. [lincraBuBmim 3HaineHwit Bupas mis C(p) y (6.55) i

MMCPCIIO3HAYMNBIIN 3aJ1JIA 3py‘1HOCTi Cl =C , OACPKUMO H_IYKaHI/Iﬁ 3araJlbHUM p03B’$I30K

JIHJIP (6.53)

3
X= 10p +C -p—2:10_p+£’
3 3  p?

2
a toi 3 (6.52) y=2xp—5p2 :£+5%. Otxe, 3aranpHuii po3B’si3ok [P (6.50) y
P

napamMeTpudHin popmi

X =

— -

10p C 2C  5p°
3 p p 3

2. PosrasineMo okpemo Bumanok, konu P =0. 3a 1poro 3HaueHHs napamerpa i3
(6.52) omepxxumo ¢ynkmito y=0, sika oueBuaHO € po3B’sizkom JIP (6.50). 1100

MepEeKOHATHCS, YU OyjIe el po3B’ 30K OCOOJIMBUM, MPOBEIEMO JOCIIKCHHS PIBHIHHS

(6.50) Ha 0coOMUBI PO3B’SI3KH, TIOJIABIITHN HOTO Y BUTIISTI
F(x,y,p)=y-2xp+5p°=0,
ne Y'=p. Jng Bu3HAueHHS OCOOJMBHX PpO3B’SA3KIB aHAJONIYHO 10 MOMEPEIHIX

MIPUKIIAIIB OJIEP)KUMO CUCTEMY PIBHSHB

F(x,y,p)=y—2xp+5p* =0,
Fo(x,y,p)=—2x+10p =0,

Fy (XY, p) + pFy(X,y,p)=-2p + p-1=0,
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a00 MICHs COPOLIECHHS

y=2xp-5p?,
x=5p, (6.56)
p=0.

3riHO 3 KPUTEPIEM JIJIs ICHYBaHHS 0COOJIMBUX PO3B’SI3KIB yC1 TpU PIBHOCTI 3 (6.56)

MaloTh BUKOHYBATUCA OJHOYAcHO. I3 Tperboro piBasiHHS P =0, Toxai 3 Apyroro X =0, 1
3a IIUX 3HA4YeHb MepIle PIBHSAHHSA MEPEeTBOPIOEThCA B TOTOXHICTh mpu Y =0. OTxe,

dyukuis Y =0 e ocodnuBum po3B’sizkoMm [P (6.50).

: . 10 C
Bionoeios. 3aranpHuli pO3B’SA30K Yy MapaMeTpuuHii  dopmi: X = Tp + F :
2C_5p°. M
y =— 4+ —— ocobnuBuii po3B’sizok: Yy =0.
P
Ilpukian 6.7. Po3s’s3atu piBHsSHHS Jlarpanxa:
y=xy'+y"~. (6.57)
Po3é’sazanns. Beenemo mapamertp 3a opmynamu (6.51). Toxi 3 (6.57)
_wn2 1 n3 2 2

y=xp“+p° = dy=p°dx+(2px+3p°)dp. (6.58)

I3 (6.58) 3 ypaxyBanasaMm (6.51) oxepkumo JiHiiiHe HeomHopigHe JIP mepiioro

HOPSIKY BIAHOCHO HeBimomoi ¢pyHkiii X(Pp):

pdx= p2dx+ (2px+3p%)dp = dx, 2X 3P

=— : 6.59
dp p-1 p—-1 (6:59)

1. Po3B’spxemo piBHsiHHS (6.59) MeTomom Jlarpamka, BBakarouu KoedilieHT mpu
dx, Ha sSKUH BUKOHYBAJIOCS MIUICHHS, P — p2 #0. Jlnga 1mporo crovatky 3HaMIEeMO

3arajJbHUMN PO3B’ 30K BiAMOBIAHOTO 70 (6.59) OMHOPIAHOTO PIBHSHHS, SIKE IHTETPYETHCS

HUISIXOM BIIOKPEMJICHHS 3MIHHHX:
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3BIIKH
Xe5. =C(p-1)~?, C=const. (6.60)

3arajapHUI pO3B’ 30K HEOJHOPIIHOTO PiBHIHHA (6.59) OyneMo mrykaT y BUTIISIL

(6.60), BBaxkaroum crany C QyHKII€IO HE3aIeKHOT 3MIHHOT P:
x=C(p)-(p-1)~°. (6.61)
Oyukmiro C(p) 3naitnemMo O6e3mocepeHbOIO MigcTaHoBKOO (6.61) v (6.59):
C'(p)-(pP-1) " -2C(p)-(pP-1)~°+2C(p)(p-1)* =-3p(p-1)~,

3BIJIKH
2

' 3
C(p)=-3p(p-) = C(p)="1--p’+C,,

ne C; — nosinbHa ctana. [lizcraBusiim 3HaiaeHui Bupas qist C(p) y (6.61), onepxumo

IIyKaHui 3aranbHuii po3s’s3ok JIHJP (6.59)

3 4 2
a tomi 3 (6.58) y=xp® + p3:2p p"+2Cp

. Orxe, 3aranbHUil po3B’sa30k [P

2(p-1)°
(6.57) y mapamerpuuHiii hopmi
3p-2p°+C  2p®-p*+Cp®
2(p-1% 2(p-1)°

ne C =2C;.

2. Po3riistHeMO OKpeMO BHIMAIOK, KOTH P — p2 =0, rodbro p=0 abo p=1.3amux

3HaueHb mapameTpa i3 (6.58) omepkmmo BimmoBimHo ¢yHKIil Y=0 Ta Y=X+1, sxi
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oueBUIHO € po3B’sa3kamu [IP (6.57). lllo6 mepekoHatucs, 4y OyayTh LI PO3B’SI3KU
OCOOJMBUMH, TPOBEAEMO JOCHIKEHHS pIBHAHHSA (6.57) Ha 0cOOIMBI PO3B’S3KH,

MOAAaBIIN HOTO Yy BUTIISIAL

F(xy,p)=y-xp°-p°=0,

ne Y'=p. Jlnsd BuU3HAYEHHS OCOOJMBHUX PO3B’S3KIB AHAJOTIYHO O MOMEPEaHIX

MPUKIAAIB OJEP)KUMO CUCTEMY PIBHSHB

F(xy,p)=y—-xp? - p°=0,
/ _ 2 _
Fo(X,y, p)=—-2xp-3p° =0,

Fy (XY, p) + PFy(x,y, p)=—p* + p-1=0

a00 Micis CIPOIICHHS

y=xp°+p°,
xp =—15p?, (6.62)
p(p-1)=0.

3rifiHO 3 KPUTEPIEM IS ICHYBaHHS OCOOIMBHUX PO3B’S3KIB yC1 TPH PiBHOCTI 3 (6.62)

MalTh BUKOHYBAaTHCS OJHOYacHO. Skmio B TperboMy piBHsHHI P=0, Tomi nmpyre
BUKOHYETHCSI aBTOMATHYHO, a TIEPIIE TEPETBOPIOETHCS B TOTOXKHICTE TipH Y =0 — a oTxe,

ocTaHHsl PYyHKIIISI € 0coOaUBUM PO3B’si3koM JIP (6.57). SIkmio x y TpeTboMy pIBHSHHI

p=1, To 3 Ipyroro MaemMo X = —%; TO/11 3 IEPIIIOTO BUXOIUTH Y = —% , OJTHAaK 1151 PyHKIIis

He € po3B’s3koM JIP (6.57). Takum yunom, mpu P =1 cucrema (6.62) HecymicHa, TOXK

npsiMa Y =X +1 € He 0coOIMBUM PO3B’SI3KOM, aji€ ACUMIITOTOIO.

2 3 3 .4 2
Bionogiob. Po3B’s13ku: X=3p 2p”+C :2p p-+Cp , Y=X+1; ocobnuBuii

2(p-1°> 2(p-1)°

po3B’sizok: Yy =0.

Ilpukian 6.8. Po3’s3atu piBHsHHS Kiepo:
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y=xy' +2y'2. (6.63)
Po3é’szanns. Beenemo mapamertp 3a opmynamu (6.51). Tomi 3 (6.63)
y=xp+2p?> = dy=pdx+(x+4p)dp. (6.64)
I3 (6.64) 3 ypaxyBanHusM (6.51) onepkumo:
pdx = pdx + (x+4p)dp = (x+4p)dp=0. (6.65)

3rigHo 3 BracTUBOCTAMHM piBHSAHHSA Kiepo piBHICTH (6.65) po3nagaerbcst Ha JBa
PIBHSIHHS, OJTHE 3 IKUX BU3HAYA€E 3aralbHUM, a Ipyre — 0COOIMBUMA pO3B’ I3KU LIbOT'O TUITY
HesiBHUX J[P nepioro nopsiky, ToX y [bOMY BHUITQJIKy HISKUX JTOJATKOBUX JOCTIIKEHb

POBOAUTH HE MOTPIOHO.
3HaiiIeMO CHOYaTKy 3arajibHUil po3B’s30K 13 piBHOcTi dPp=0 3 ypaxyBaHHSIM
(6.64):
dp=0 = p=C = y=Cx+2C?.

OcoOnmBuil  poO3B’SA30K 3HAXOAUTHCA 3 piBHOCTI X+4p=0 Tak camo 3

ypaxyBaHHsIM (6.64):

2 2
X X X X
X+4p=0 = =— = Yy=—X-—42:|—-| =——.
p p 4 y 4 (4)

3ayBaxuMo, M0 OTpUMaHa Mapadoyia € OOBITHOIO CiM’1 MPSAMHUX, BU3HAYECHUX

(bopMyII010 3araIbHOTO PO3B’SI3KY.

2
. . N . X
Bionoeios. 3aransamii po3s’sizok: Y =CxX +2C 2+ ocoGnuBHMit pPO3B’S30K: Y = e

[Ipukian 6.9. Po3’s3atu piBasiHHS Kiepo:

y—xy' =+1+y?. (6.66)

Po3é’azanns. Beenemo napametp 3a popmymnamu (6.51). Toxi 3 (6.66)
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y=xp+yl+p®> = dy:pdx+{x+ P 2}dp. (6.67)

1+p

I3 (6.67) 3 ypaxyBanHsMm (6.51) onepkumo:

P P
pdx= pdx+| X+ dp = | x+ dp=0. (6.68)
( J1+ pz] [ J1+ pZJ

AmnanoriyHo no Ilpuknany 6.8 3HaiiieMo crouyaTky 3arajibHHIl pO3B’A30K 13

piBrocti dp =0 3 ypaxyBanusm (6.67):

dp=0 = p=C = y=Cx++1+C?.

Jani 3HaX0AMMO 0COOJIMBHI PO3B’A30K:

N1+ p2 1+ p2 y1+ p2

OT1xe, 0cOOMMBHI PO3B’ 30K y MapaMeTpudHii hopmi

p 1

BukirounBIM 3 OCTaHHIX PIBHOCTEH MapaMeTp p, MICTAaHEMO OCOOIMBUI IHTETpa

X=—

piBHsHHSA Kiepo (6.66) y 3BUualiHOMY BHTJISII:
x2 +y% =1,

Bionoeios. 3aranpamii po3s’s3ok: Y =CX +V1+ C? ; ocobnuBHit IHTeTpat: X2 + y2 =1.
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3aBaaHHs ISl iIHAUBIAyaJIbHOI podoTH Ne3

ITocTaHoBKa 3aB1aHb:
1 - 5. 3inrerpyBatu nudepeHuiagbHe pIBHAHHS Ta JOCIIIUTUA HA OCOOIMBI PO3B’ I3KH.

BapianT 1

Ly2+xy=y>+xy. 2. x=y4/y2+1. 3.y -y?=0.

4. xy'">=y. 5 y=xy' —y'>.

BapianT 2

1xy"? —2yy'+x=0. 2. xy'=41+y'?. 3. y?-4y*=0.

4. yy"® +x=1. 5 y=2xy'—4y".

BapianT 3

1 y?+x=2y. 2. x=y3+y". 3.8y°=27y.

4. y=x+y' —Iny". 5 y3=3(xy'-Y).

BapianT 4

1 y'2 —2xy'=8x2. 2. x(y?-1)=2y". 3.y +y2=yy'(y' +1).

4. y=2xy'+Iny'". 5 y+xy'=4y".

Bapiant 5

1. y?—2yy' =y2(e*-1). 2. y'>+x?=a? a=const. 3. y?(y'? +1)=1.
4. y2 +y?=xyy'. 5 y=xy'—(2+Yy)>.

BapianT 6

Ly +y?=y* 2. xy'Iny' =1. 3. y?=4y31-y).

4. y=2xy'+y2y>. 5 y=xy'?-2y"

Bapiant 7

1oy(xy' —y)2=y—2xy’. 2.J1+x-cosy'=2. 3.4(1-y)=@By—-2)2y"?.

4.y —xy'? —4yy' +4xy=0. 5. xy'—y=Iy".
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BapiaunT 8
Loy(y-2xy)>=2y". 2.2y'=x+Iny". 3. y*=2yy'+y>.
4.y —4xy'+8y?=0. 5. 2y"%(y—xy')=1.

BapianTt 9

Loxy'(xy'+y)=2y%. 2. ;(—,Zzzezy'. 3.y —4y=0.
4. y2y'? —2xyy' +2y? —x?=0. 5. 2yy'=x(y'? +4).
BapianT 10

1xy?=y2y'-1). 2. xy3+y=0. 3. y=(y'-1eY".
4. y'? —2xy'=x>—4y. 5 y+xy'—y?=0.

BapianT 11

1 y® +(x+2)eY=0. 2. Iny'+siny'—x=0. 3. y'?=4|y].

4.2xy'—y=y'In(yy). 5. xy' +1-y?2 —y=0.
BapianT 12

1. (xy'+3y)2=7x. 2. xcosy' +sin2y’'=1. 3. y=y'?+2y",

! ! 1
4. y(y -2xy")3 =y'?, 5.x:l,+ —.
y 'y

BapianT 13

r2: 2

1Lox(y—xy) 2 =xy? —2yy'. 2. (x+1)(y?-D=y. 3. y*—y?=y?

2 3
4, y:y’z—xy'+x7. 5. 3x(L-y)+(2y'—1)2 =3y.

BapianT 14
1 y'Qy-y)=y?sin®x. 2. x(y* -1 =2y". 3. y=Ihy +y?.

4. yy'? —(xy+1)y +x=0. 5 xAL-y)+y?=y +y.
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BapianT 15

l3: 2

! ! !’ l !
Loyy(yy —2x)=x%>-2y?. 2. y2=—=_ 3.y?—y3=y?

4|x]
4. x2y'? +3xyy' +2y? =0. 5. xy'(y'+2)=y.
BapianT 16
1y? +4xy —y? —2x2y=x%(x> - 4). 2. y'?=(4x+Yy -3)°.

xy'
3. y’(A+y'?)=a? a=const. 4. y'=eY. 5 2xy'—y=Iny'.

BapianT 17
1oy(y-2xy)>=2y'. 2. y'=3/2x—y' +2. 3. y=y1+y?2.
12
4. x=lllny— y2 .5 y=x(L+y)+y"”>.
y y
BapianT 18

1

Loy 2 +dxy —y? -2y =x* —4x. 2. xy'=e ¥ +2y'. 3.3y =y +y.

4. x2y'? =xyy'+1. 5. y+ayl+y? =xy', a=const.

BapianT 19

Loyy'(y' —2x)=x"-2y*. 2. xy?=y° -y 3.y =2y-y +2.
4. y=xy'—x2y>. 5. y+y =x+y?2.

BapianT 20

1ox(y—xy)2=xy'?=2yy’. 2.2xy'—y'=siny’. 3. (1+2y')>=4yy'.

1
5 xX(Y —y?)+e Y =y,

BapianT 21
1. y'2 —2xy' =8x2. 2. x:%ﬁﬁ{/v. 3. yy'+ctgy =cosy’.
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3
4. yy' +y?=x*+xy. 5 3(y+xy)=y'2.

BapianT 22
1 y? +(x+2)eY=0. 2.2y'=x+Iny’". 3. y:l,+ey'.
y
4. (x+D(y?-1)=y. 5 y+xy'—y -y =0.
BapianT 23
1. (xy'+3y)>=7x. 2. x=sin2y’cosy’. 3. y:y'2+lrln y' —1.
y
4. 2xy'—y=siny’. 5 x(y -1 +e¥ =y +vy.
BapianT 24
1Ly?+xy=y%+xy’. 2. y'3—4iy’:0. 3.y —4y=0.
X

3
4. (xy'—y)®=y2-1. 5 (2y'-1)2 +3x(3y'—1) =3y.

BapianT 25

1 xy'?=yy'-1). 2. y'(x=Iny)=1. 3. Iny +siny —y=0.

4.y =4y(xy'-2y)*. 5. y*-x(1-y)-y'=0.
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